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Jukes-Cantor Model: Simplest Model of Genetic Evolution
Hypotheses:

One has a alphabet of four characters A, C, G, T, with equal transition rate γ
from each base to the other three.

Mutations at different sites are uncorrelated and occur at the same rate.

Deletions and insertions are not considered.

Mathematical expression:
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where i , j = 1..4.
Denote the population in the original state by u and that in the other three states by
v . Then
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From u(t = 0) = 1, v(t = 0) = 0, it follows that
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where for (γt) ≪ 1, v(t) ≈ (γt).



Molecular Clock—Genetic Distance

From the Jukes-Cantor model follows the transition probability
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p is the mean probability and is not measured directly. Suppose we
look at N sites and m mutations are observed. Then we obtain a
likelihood

L(m|p) =
(
N
m

)
pm(1− p)N−m.

Of course, m̄ = Np, but this likelihood gives the correct penalty to
the lack of a perfect effect due to stochastic effects.



An excellent although partially dated reference



Lecture 2 Outline

How does one assess the reliability of phylogenetic
reconstructions?

Parsimony Methods

Distance Methods

Neighbor-Joining Methods

Maximum Likelihood Methods

Bayesian Methods

Heuristics for dealing with Big Genomic Datasets



Reliability of Phylogenetic Reconstructions: Bootstrap and
Jacknife

The Molecular Clock is an imperfect model of genetic change
and the nature of the deviations from ideal behavior are
poorly understood. Consequently, one cannot write down a
reliable likelihood.

For this kind of problem, resampling methods have been
developed, where randomly chosen subsets of the data are
used, and the consistency of the conclusions is explored. For
real-valued statistics, these methods are known as the jacknife
and bootstrap. These methods were developed by Maurice
Quenouille, John Tukey, and Bertrand Efron.

For genomic inference, different subsets of matching parts of
the genome can be used, and conclusions can be drawn and
compared.

In this way, inconsistencies can be spotted.



Parsimony: Principle of Minimum Evolution

All possible rooted trees are considered, and each is assigned a
score indicating the amount of evolution.

For each (rooted) tree, all possible genomic assignments for
the interior nodes are considered, and the tree score
corresponds to genomic assignment giving the minimum score.

The principle of minimum evolution need not always lead to
the truth. The simplest story is not always the true story.



Defining Trees Using Recursion (Donald Knuth)

Definition of a Tree
1. A leaf is a tree.
2. If tree1 and tree2 are trees, then [tree1, tree2] is a tree.
3. Alternative equivalent formulations:

A Any tree can be constructed by applying steps 1 and 2 a finite
number of times.

B The set of all trees is the smallest set containing 1 and closed
under 2.

Recursive definition of a function on the set of trees
A definition of the function f of the form:

f (leaf) = g(leaf).

f (tree1, tree2) = h(f (tree1), f (tree2))

suggests using a recursive (self-calling) function to evaluate f .



Parsimony (I): Fitch Algorithm

Assume any change along an edge is penalized equally. A (not so good) approximation
of biological reality. Does not allow different edges to be weighted differently,
according to their length in terms of molecular time.

Allows for a recursive evaluation of the score for a given rooted tree given a genomic
assignment on the tips.

All trees must be evaluated, so only practical for a small number of tips.



Parsimony (II): Sankoff Algorithm

Changes along an edge are penalized according to a cost matrix, which is an arbitrary
input and can be varied from edge to edge. The cost matrix can be inferred from data.

A and G are more similar to each other than to C and T, and likewise C and T are
more similar to each other than to A and G, hence the cost matrix above. A and G are
“purines” (with two rings in the chemical structure), whereas C and T are
“pyrimidines” (with a single ring). “Transitions”, or subsititions of the form A ↔ G ,
C ↔ T are less penalized than “‘transversions” where A,G ↔ C ,T .

As with the Fitch algorithm, allows for recursive evaluation of the score for a given
rooted tree given a genomic assignment on the tips.



Distance Methods



Distance Trees

Distance matrix methods give unrooted trees that can subsequently be rooted.

For N tips (or leaves) there are N(N − 1)/2 inter-leaf distances. But a binary
(or ternary) tree has only 2N − 3 edges.

Not all metrics satisfying the triangle inequality are representable in terms of an
additive tree.

For 3 species there is one tree, for four species there are three trees, .... One
can try out all possible trees (using some of sort of generalized least squares,
and find the best tree, by brute force. This is one solution. An understanding of
the error in the molecular distances can be used to develop a reasonable
criterion for the quality of fit.



Four Point Condition
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Distance Data



UPGMA Method (Unweighted Pair Group Method With
Arithmetic Mean)

Guaranteed to give the correct tree reconstruction when there is a
rooted tree with distances given by a perfect molecular clock. But
often gets the wrong three when the clock is imperfect.
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UKZN Master’s Student Hanitriniala Malalatiana Rakotondrasoa
prepared some Python programs illustrating some of the above
algorithms with an example and an exercise, which may be found
at:

https://github.com/RHMalalatiana/parsimony sankoff


