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Motivation

In 2015, detection of Gravitational waves, one of the most successful
predictions of Einstein’s General Theory of Relativity.

The typical frequency range of detection of GWS in these experiments has
been 5 Hz - 20, 000 Hz → Phys.Rev.Lett.116, 061102(2016).

When two neutron stars or black holes orbit each other and eventually merge,
they release gravitational waves. This process was observed and confirmed by
the LIGO and Virgo collaborations in historic detections like GW170817
(BNS merger) and several BBH mergers.

Due to the very small length-scale at which GWs interact matter –
characterized by the dimensionless strain amplitude
(h ∼ δL

L ∼ 10−21, L ∼ 1km , δL ∼ 10−18m)-it becomes apparent that
the manifestation of experimental evidence for gravitational waves is
anticipated at the quantum mechanical level.

The (GWs+matter)interaction must be treated quantum mechanical
in nature.

This opens up a new avenue for detecting the quantum nature of
gravity as proposed by Frank Wilczek in PRL 2021.
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Lecture 1
Geometrization of the classical

mechanics
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Dynamics to Geodesic Equation

Newton’s Law of motion: Dynamics

m(
d2xa

dt2
) +

∂U

∂xa
= 0, a = 1, 2, ...n (1)

where xa are the spatial coordinates flat Euclidean space:
√
δabdxadxb, and

U(x) is the potential energy.

Classical Trajectories

xa = xa(t) =⇒ Classical Path (Trajectories) (2)

Lagrangian Picture: Action Functional

S[xa] =

∫ tf

ti

dtL(xa.ẋa; t) (3)

How kinetic energy (T) and potential energy (U) change as a particle moves
along its trajectory?
Principle of least action

δS[xa] =

∫ tf

ti

dt (δL(xa.ẋa; t)) = 0 (4)
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Calculation
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Euler Lagrangian Equation of Motion

Under an arbitrary variation of the action along the trajectory

δS = −
∫ tf

ti

dt [
d

dt
(
∂L

∂ẋa
)− ∂L

∂ẋa
]δxa = 0 (5)

Euler Lagrange EOM

d

dt
(
∂L

∂ẋa
)− ∂L

∂ẋa
= 0 = m(

d2xa

dt2
) +

∂U

∂xa
=⇒ xa = xa(t)

Now, if we compare with eq (1) arrive at

L =
1

2
m(δabẋ

aẋb)− V (xa) (6)
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∂ẋa
= 0 = m(

d2xa

dt2
) +

∂U

∂xa
=⇒ xa = xa(t)

Now, if we compare with eq (1) arrive at

L =
1

2
m(δabẋ
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Calculation
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A curved trajectory interpreting as geodesics

For free motion xa(t) =⇒ Trajectory of a straight line (shortest line
between two points in a flat euclidean space.)

For potential motion, a curved trajectory in a flat, three-dimensional space.

Can we reinterpret the potential motion in flat space as a free motion in
curved Riemann space?
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Potential motion as a geodesic of a Reimann space

Let us consider the solution to EOM: x1 = x1(t) =⇒ t := t(x1) (Invertable
function)

dxa

dt
= x,a(

dx1

dt
);

d2xa

dt2
= x,,a(

dx1

dt
)2 + x,aẍ1

with x,a = dxa

dx1 , x
,,a = d2xa

dx1dx1 a = 1, 2, 3, ....n

Reprametrization of EOM: xi = xi(x1)

d2xi

dt2
+

∂U

∂xi
= 0, i = 2, ...n (7)

with m = 1 unit

=⇒ x,,i(ẋ1)2 +
∂U

∂xi
− x,i ∂U

∂x1
= 0 (8)

Energy conservation

(ẋ1)2
1

2
(x,a)2 + U(xa) = E =⇒ 1

ẋ
=

dt

dx1
=

√
δabx,ax,b

2(E − U)
(9)
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Geodesics: Geometry

After reparametrization of the dynamical EOM:

x,,i+(
δabx

,ax,b

2(E − U)
)(
∂U

∂xi
−x,i ∂U

∂x1
) = 0 =⇒ What is the geometrical meaning?

(10)

Line element in Riemann space with metric gab(x)is given by

ds2 = gab(x)dx
adxb =⇒ Icurved =

∫
dt

1

2
gab(x)ẋ

aẋb (11)

Euler Lagrangian EOM: Geodesic equation

δIcurved = 0 =⇒ ẍa + Γa
bcẋ

bẋc = 0; a, b, c = 1, 2, 3...n (12)

with

Γa
bc =

1

2
gad[∂bgdc + ∂cgbd − ∂dgbc] =⇒ Riemann connection
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Curved space

Suppose one of the function x1 describes the solution of geodesic equation:

x1 = x1(t) =⇒ t = t(x1)

Geodesic equation for n− 1 variables:

ẍi + Γi
bcẋ

bẋc = 0 (13)

Under reparametrization

x,,i + Γ̂i
bcx

,bx,c = 0; i = 2, 3, ...n (14)

with Γ̂a
bc = Γa

bc − x,aΓ1
bc.

From potential motion

x,,i + (
δabx

,ax,b

2(E − U)
)(
∂U

∂xi
− x,i ∂U

∂x1
) = 0 (15)

Γa
bc = − 1

2(E−U) (δ
a
c∂bU + δabδcU − δbc∂aU)
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bẋc = 0 (13)

Under reparametrization

x,,i + Γ̂i
bcx

,bx,c = 0; i = 2, 3, ...n (14)

with Γ̂a
bc = Γa

bc − x,aΓ1
bc.

From potential motion

x,,i + (
δabx

,ax,b

2(E − U)
)(
∂U

∂xi
− x,i ∂U

∂x1
) = 0 (15)

Γa
bc = − 1

2(E−U) (δ
a
c∂bU + δabδcU − δbc∂aU)
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bẋc = 0 (13)

Under reparametrization

x,,i + Γ̂i
bcx

,bx,c = 0; i = 2, 3, ...n (14)

with Γ̂a
bc = Γa

bc − x,aΓ1
bc.

From potential motion

x,,i + (
δabx

,ax,b

2(E − U)
)(
∂U

∂xi
− x,i ∂U

∂x1
) = 0 (15)

Γa
bc = − 1

2(E−U) (δ
a
c∂bU + δabδcU − δbc∂aU)

Partha Nandi Postdoctoral Associate Stellenbosch University ( NITheCS:National Institute for Theoretical and Computational Sciences )Exploring Quantum Aspects of Gravitational Waves Stellenbosch University 12 / 36



Conserved Quantity in Riemann space

From free motion in Curved Riemann space

d

dt
(gab(x)ẋ

aẋb) = 0 =⇒ gab(x)ẋ
aẋb = v2 (16)

Conserved Charge: On Shell

v =
√

gab(x)ẋaẋb

=⇒ dt

dx1
=

1

v

√
gab(x) x,ax,b

From potential motion in Flat Euclidean space

dt

dx1
=

√
δabx,ax,b

2(E − U)
(17)

From observation we can identify:

gab(x) =
v2

2(E − U(x))
δab (18)
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=⇒ dt

dx1
=

1

v

√
gab(x) x,ax,b

From potential motion in Flat Euclidean space

dt

dx1
=

√
δabx,ax,b

2(E − U)
(17)

From observation we can identify:

gab(x) =
v2

2(E − U(x))
δab (18)

Partha Nandi Postdoctoral Associate Stellenbosch University ( NITheCS:National Institute for Theoretical and Computational Sciences )Exploring Quantum Aspects of Gravitational Waves Stellenbosch University 13 / 36



Conserved Quantity in Riemann space

From free motion in Curved Riemann space

d

dt
(gab(x)ẋ
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Duality between Potential motion in flat space and free
motion in curved space

Riemann connection from metric: For gab(x) =
v2

2(E−U(x))δab, the Riemann
connection

Γa
bc =

1

2
gad[∂bgdc + ∂cgbd − ∂dgbc] (19)

Connection from dynamics

Γa
bc = − 1

2(E − U)
(δac∂bU + δabδcU − δbc∂aU) (20)

Consistency between two form of the connection demand that v = 1

Free motion in Curved space can be described completely

Icurved =

∫
dt [

m

2
gab(x)ẋ

aẋb] =⇒ Geometric Action (21)

with gab(x) =
δab

2(E−U(x))
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Gravity: Covariant Geodesics

Treating spacetime on an equal footing:

t = t(τ), xi(τ) :=> xµ(τ)

with τ = affine parameter =⇒ t = aτ + b

Equations in a covariant form

d2xµ

dτ2
+ Γµ

νρ

dxν

dτ

dxρ

dτ
= 0 (22)

Proper time associated with the metric

dτ =
1

c

√
gµν(x)dxµdxν

Geodesic equation from the action principle

Iparticlecurved = −m0c

∫ √
gµν(x)dxµdxν (23)

δIparticlecurved = 0 =⇒ eq(6) where

Γµ
νρ =

1

2
gσβ [∂αgµβ + ∂µgβα − ∂βgµα] (24)

Γµ
νρ = 1

2g
σβ [∂αgµβ + ∂µgβα − ∂βgµα
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What insights can be drawn from our today’s discussion?

We demonstrate that the system’s configuration space can be endowed with
a metric, which is constructed using a potential.

limU→0gab(x) = limU→0[
δab

2(E − U(x))
] → δab

The potential motion in flat Euclidean space is thus equivalent to free motion
in curved Riemann space.

Then trajectories of the potential motion coincide with the shortest lines of
the Riemann space.

Additionally, non-relativistic (conservative) dynamics holds an invariant
geometric interpretation.

dt =
√
gab(x)dxadxb; m = 1 unit

Can the concept of geometry be extended to include velocity-dependent
potential terms, such as those encountered by a charged particle in a
magnetic field? Take some time to consider this idea.
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THANK YOU!
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