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Markovian master equation:

@ Dynamical semigroup
¢t+s:@to@s Vt,sZO

Written in form &, = e**

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002



Recap - Markovian master equations

Last week

Markovian master equation:
@ Dynamical semigroup
(Dt+s:@to(ps Vt,sZO

Written in form &, = e**

GKSL theorem
General construction of generator £ of quantum dynamical semigroup:

d?—1

. 1
L(p) = —i[Ho, p] + Z Yk (VkakT = Q{VJVIQP})
k=1

where
@ H, is a self-adjoint operator.
@ Vi, € B(#s) are Lindblad operators.
@ v > 0 are transition rates.

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002




Recap - Markovian master equations

Last week

Markovian master equation:

@ Microscopic derivation Reservoir
Ol
H=Hs+ Hr +« AL ® B Quantum system
STl e O O

where Ay, and By are self-adjoint system
and reservoir operators.

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002




Last week

Markovian master equation:
@ Microscopic derivation litezeiel:
) () ~

Quantum systelﬂ

H=Hs+HR+OéZAk®Bk O
&

where Ay, and By are self-adjoint system
and reservoir operators.

Markovian master equation (GKSL form)

Dynamics of open system in weak contact with thermal reservoir:

70 = £0p3) = —ilHs.ps] + a* 5w [r)psal ) — S (AL@A) )]

where A, =3 Ap(w), and ~(w) > 0.

@ Born approx - p(t) = ps(t) @ 7r(8)
@ Markov approx - 7rp < 71
@ Secular approx - 7s < 71

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002




Last week

Markovian master equation:
@ Microscopic derivation Reservoir
e ©

\ \
Quantum system

H:Hs—&-HR-i-OzZAk@Bk o
% i

where Aj, and By, are self-adjoint system
and reservoir operators.

Markovian master equation (GKSL form)

Dynamics of open system in weak contact with thermal reservoir:

70 = £os) = =itz psl + 0 S (@[} @) - 5 (4@ ps)]

where A, =3 Ap(w), and vy(w) > 0.

KMS condition: (Bx(—t)Bi)s = (BiBk(t — iB))s
e~ PHs
= L(r5) =0, 7= —gu=

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002




Hamiltonian: -5 |1>
wo
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H= —oz +Zwkabk +0:®B
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wo
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Example (Construction of MME)

@ System s = span{|0), |1)}:

Hamiltonian:

H= —az +Zwkabk +0:®B

Hs = 2(0(11=10)0)  Hslo) = =210, Hs|t) =+71)




Hamiltonian: -5 |1>
wo

H= —oz +Zwkabk +0:®B

Example (Construction of MME)

@ System s = span{|0), |1)}:
Hs = ({1 = [0)0])  Hslo) = ="710), Hs[1) =+ 1)

@ Reservoir (Bosonic Fock space):

Hp = Zwkb};bk [HR,br] = —wibk, [HR,b}] = wib]
%

@ Interaction:

A=0, =[0)A[+]1)(0, B=> (g5br + grb})
k




Hamiltonian: r ‘1>

wo
——10)

Example (Construction of MME)

@ Lindblad operators A(w) = >"._._,, TI(e)ATI(¢'), €€ € {=52, 2}

A(wo) = [0)(Oloz|1)(1] =0—  A(=wo) = [1)(1]o2]0)(0] = o

H—?az—l—Zwkb be + 0. ® B

where o_ = ‘71 = [0)(1].




Hamiltonian: r ‘1>
wo
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Example (Construction of MME)

H—?aerZwkb be + 0. ® B

@ Lindblad operators A(w) = >"._._,, TI(e)ATI(€'), €€ € {=52, 2}

A(wo) =0— A(—wo) =04
@ Reservoir correlation functions:;

C(t)=(Bt)B)g=_ <[925k(t) + grbl ()] [95 brr + gkfb,t,]>

K,k B
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Hamiltonian:

H—*Uer ka by + 0. @B
AR —

Example (Construction of MME)

@ Lindblad operators A(w) = >,/ _._,, [I(e) ATL(¢"), €€ e{= —wo “120 :

A(wo) =0— A(—wo) =04
@ Reservoir correlation functions:;

C(t)=(Bt)B)g=_ <[925k(t) + grbl ()] [95 brr + gkfb,t,]>

K,k B

l;k(t) _ eiHRtbke—iHRt _ bke_iwkt, Ez(t) _ eiHRtbLE_iHRt _ bleiwkt




—— 1)
Wo
—10)

Example (Construction of MME)

@ Lindblad operators A(w) = 3./ _._,, () ATI(¢'), ¢,€ € {=52, 2}

Hamiltonian:

H== az+2wkb be + 0. ® B

» 2
A(wo) =0— A(—wo) =04
@ Reservoir correlation functions;

C(t) = (BO)B)g = D Igk|? [np(wr)e™™" + (1 + ng(wi))e ]
k

having used (byb! )5 = (1 + n5(wk))Okks, (bfbr)s = 1 (wi)dkkr. Where

1

ne(W) = 557
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Example (Construction of MME)

Hamiltonian:

H—?sz-FZwkb by +0.® B

@ Lindblad operators A(w) = >, _._, () ATI(€'), €€ € {=52, 0}
A(wo) =0— A(—wo) =04
@ Reservoir correlation functions:

C(t) = (B()B)g = _ lgk|? [np(wr)e™" + (1 + ng(wi))e™ "]
k

@ Transition rates:

Y(w) = /_00 dt C(t)e't




— 1)
wo

—10)

Example (Construction of MME)

Hamiltonian:

wo
H= 5 0z +§wkbzbk +0.,®B

@ Lindblad operators A(w) = > II(e)AII(¢"), €€ € {=20, 20}

e/ —e=w 2 12
A(wo) = o— A(—wo) = o+
@ Reservoir correlation functions:

C(t) = <B(t)B>B = Z |gk|2 [nﬁ(wk)eiwkt 4 (1 + nB(wk))e_i"’kt]
k

@ Transition rates:

1) = [ e = 2m Y i [awr)d(w +0r) + (L+ ng(@i))6w —wn)]
. 2




—— 1)
Wo
—10)

Example (Construction of MME)

@ Lindblad operators A(w) = >,/ _._, () ATI(€'), €€ € {=52, 0}

Hamiltonian:

H—?aerZwkb be + 0. ® B

)
A(wo) =0— A(—wo) =04

@ Reservoir correlation functions;

C(t) = (B()B)g = _ Igk|? [np(wi)e™™" + (1 + ng(wi))e ]
k

@ Transition rates:
- [T i“’t—ﬂ'oouu2y v)o(w+v v —v
1) = [~ arowet =2 [~ avlgw)Pew) [ns )8+ +(14ns)5—0)]

where p(w) is the reservoir density of states.

4
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Hamiltonian:

H=%5 + chb by +0,®B
27t ——

Example (Construction of MME)

@ Lindblad operators A(w) = >/ _._,, () ATI(€'), €€ € {=52, 0}

A(wo) =0— A(—wo) =04
@ Reservoir correlation functions;

C(t) = (B(t)B)g = D Igk|? [np(wr)e™™" + (1 + ng(wi))e ]
k

@ Transition rates:

Y(w) = /_00 dt C(t)e*t = 21 /O<>° dvlg(v)|?o(v) [ng(l/)é(w—i-u)-l-(l—i-nﬁ (V))(S(w—u)]

Y(wo) = 2m|g(wo)[>e0(1 + ng(wo)),  Y(—wo) = 2|g(wo)|?e0 na(wo)

A




Hamiltonian: r ‘1>
Wo

—10)

Example (Two-level system) [

Markovian master equation:

H——Uz—kzwkb b +0. ®B

d , . 1
7Ps() = —ilHs, ps(t)] + 75 (Ufpstu - 5{0+07,Ps}>

1
+’V¢Ta (0+psd— - §{U—U+,Ps})

where v} = 27[g(wo)|*00(1 + ns(wo)) and v} = 2|g(wo)|* o ns (wo).
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Hamiltonian:

, ——j!1> )
H_?O'z‘i’zwkabk"ar@B ,\/\/\f) Wo ,\/\/\f)

Example (Two-level system)

Markovian master equation:

d . . 1
Zps(t) = —ilHs, ps (D) + 75 (0-psos — 5{owo-, ps})

Thermal emission

1
+) (0+Ps<77 — 5lo-o+, Ps})

Thermal absorption

where v} = 2m|g(wo)[*00(1 + ns(wo)) and v} = 27|g(wo)|* 00 ns(wo).




‘ Recap - Markovian master equations
@ Example - Two-level system

@ st and 2nd laws of thermodynamics

‘ Quantum thermal machines
@ Heat engines and refrigerators
@ Quantum Otto cycle

‘ Summary



1st law

Hamiltonian: H(\;) = Hs(\:) + Hr +V

Isolated system AU = W:
@ Internal energy: U(t) = Tr[H (A\¢)p(t)]




1st law

Hamiltonian: H(\;) = Hs(\:) + Hr +V

Isolated system AU = W:
@ Internal energy: U(t) = Tr[H (A\¢)p(t)]
e Work:

AU = /Ot ds Tr{H(As)p(s)] = /Ot dsTrs[Hs(A\s)ps(s)] = W




1st and 2nd laws of thermodynamics

1st law

Hamiltonian: H(A\:) = Hs(\:) + Hr +V n
Reservoir

Isolated system AU = W:
@ Internal energy: U(t) = Tr[H (A\¢)p(t)]
@ Work:

AU = /Ot ds Tr[H (As)p(s)] = /Ot dsTrs[Hs(As)ps(s)] = W

Open system AUs = W + Q (Vinjanampathy & Anders, CP 2016)

@ Internal energy: Tr[H (A\¢)p(t)] = Tr[Hs (At)ps(t)] + Tr[Hrpr(t)]

= ’ Us(t) = Tr[Hg(At)ps (¢)] ‘

Graeme P



1st and 2nd laws of thermodynamics

1st law

Hamiltonian: H(\;) = Hs(\:) + Hr +V

Reservoir
Isolated system AU = W:
@ Internal energy: U(t) = Tr[H (A\¢)p(t)] system
e Work:

AU = /Ot ds Te[H (Xs)p(s)] = /Ot dsTrs[Hs(As)ps(s)] = W

Open system AUs = W + Q (Vinjanampathy & Anders, CP 2016)

@ Internal energy: Tr[H (A\¢)p(t)] = Tr[Hs (At)ps(t)] + Tr[Hrpr(t)]

= ’ Us(t) = Tr[Hg(At)ps (¢)] ‘

AUs = Tr[Hg(At)ps ()] + Tr[Hs (At)ps (£)]
@ Heat:

t t
Q= /0 ds Tr[Hs(As)ps(s)] = /0 ds Tr[Hs(A\s)£(ps)]

Graeme P



1st and 2nd laws of thermodynamics

2nd law

Heat: Q = fot ds Tr[Hs(Xs)L(ps)] Reservoir

Relative entropy:

S(p1llp2) = Tr[p1(Inp1 —Inp2)] >0

Graeme Pleasance (SU



1st and 2nd laws of thermodynamics

2nd law

Heat: Q = [ dsTr[Hs(\:)L(ps)]

Relative entropy:

S(p1llp2) = Tr[p1(Inpr —Inp2)] > 0

Open system 65 > (Vinjanampathy & Anders, CP 2016)

@ Monotonicity of relative entropy: S(®p1||®p2) < S(p1l|p2)

L) =0=|¢5= _fS(pSHWS) >0

H. Spohn, Entropy production for quantum dynamical semigroups, 1978




2nd law

Heat: Q = [ dsTr[Hs(\:)L(ps)]

Relative entropy:

S(p1llp2) = Tr[p1(Inpr —Inp2)] > 0

Open system 65 > (Vinjanampathy & Anders, CP 2016)

@ Monotonicity of relative entropy: S(®p1||®p2) < S(p1l|p2)

L) =0=|¢5= ——S(ps”ﬂ-s) >0

@ Spohn's inequality: —Tr[L(ps)(In ps(t) — In wg)] >0

d .
o5 = ES(PS) -BQ >0

where S(ps) = —Tr[ps In ps] is the von Neumann entropy.

H. Spohn, Entropy production for quantum dynamical semigroups, 1978




2nd law

Heat: Q = [ dsTr[Hs(\:)L(ps)]

Relative entropy:

S(p1llp2) = Tr[p1(Inpr —Inp2)] > 0

Open system 65 > (Vinjanampathy & Anders, CP 2016)

@ Monotonicity of relative entropy: S(®p1||®p2) < S(p1]lp2)

L) =0=|¢5= ——S(ps”ﬂ-s) >0

@ Spohn's inequality: —=Tr[L(ps)(n ps(t) — In wg)] >0

d n
65 = —S(ps) —BQ >0 = Aog = AS(ps) = Q20

where S(ps) = —Tr[ps In ps] is the von Neumann entropy.

H. Spohn, Entropy production for quantum dynamical semigroups, 1978




Continuous thermal machines:

%ps(t) = —i[Hs(\),ps(O] + > Ds, (ps)

a=h,c

where Ay = A¢qr.

‘Work

S. Bhattacharjeea, A. Dutta Quantum thermal machines and batteries, 2021




Continuous thermal machines:

%ps(t) = —i[Hs(\),ps(O] + > Ds, (ps)

a=h,c
where Ay = A¢qr.
@ Work and heat exchange occur continuously.

‘Work

S. Bhattacharjeea, A. Dutta Quantum thermal machines and batteries, 2021




Continuous thermal machines:

%ps(t) = —i[Hs(\),ps(O] + > Ds, (ps)

a=h,c
where Ay = A¢qr.
@ Work and heat exchange occur continuously.

@ Power: Work

P =Wou = —Tr {aHgii)\t)ps(t)]

@ Heat currents:

Jo = Qa = Tr[Hs (M) Dg, (ps)]

Heat engine P > 0.

S. Bhattacharjeea, A. Dutta Quantum thermal machines and batteries, 2021



Reciprocating thermal machines:

@ \Work and heat exchange occur

over sequence of strokes. A Work 3
4
Heat
Heat ‘ | & “I .
2
1 Work

A 4

S. Bhattacharjeea, A. Dutta Quantum thermal machines and batteries, 2021



Reciprocating thermal machines:

@ \Work and heat exchange occur

over sequence of strokes. A Work 3
@ Power: 4
B Wout I Heat
P_t1+t2+th+tc Heat‘l ‘v\ M .
@ Efficiency: 2
W 1 Work N
Ko

Heat engine P > 0.

S. Bhattacharjeea, A. Dutta Quantum thermal machines and batteries, 2021



Quantum Otto cycle (4-stroke):

o Hg(t
POUO — B, 0 By, 0 By, 0 D, (“s( ) ;
W3
Working medium Hs(\:) = 3t (o + 1) /Qh
@ 1 — 2: Adiabatic compression (A2 > A1) I Qe n h
Wi = Tr{[Hs(hs) — Hs (h)]ne kS p__—
@ 2 — 3: Hot isochore 1 "
Qn = Tr{Hs(2)[mg" — w1} 5y

@ 3 — 4 Adiabatic expansion (A\; < A2)
Wa = Tr{[Hs(\) — Hs(A2)]7" }
@ 4 — 1: Coldisochore
Qe = Tr{Hs(A)[rge — w&"]}




Quantum Otto cycle (4-stroke):

o Hgl(t
(bom = <I>tc o (btz o @th [0} @tl <‘kS( )> W 3
3
Working medium Hs(\:) = 3t (o= + 1) ﬁ/.Q
h
@ 1 — 2: Adiabatic compression (A2 > A1) | Qe n “
Wi = Tr{{Hs (o) — Hs ()l kS P
@ 2 — 3: Hotisochore 1 wy

A\ 4

Qn = Tr{Hs(\o)[rg" — w&°]} \,

@ 3 — 4 Adiabatic expansion (A\; < A2)
W2 = Tr{[Hs (M) — Hs(A2)]7a"}

‘coherence free'

[Hs(t), Hs(t")] = 0.V, ¢’
@ 4 — 1: Coldisochore

Qe = TH{Hs(\1)[rhe — 75"}




Quantum Otto cycle (4-stroke):

Hg(t
BOUO — B, 0 By, 0 Dy, 0 D, (“s( ) y ;
3
Working medium Hs(\:) = 3t (o + 1) /Qh
@ 1 — 2: Adiabatic compression (A2 > A1) I Qc ™y h
Wi = Tr{[Hs(hs) — Hs ()]s w P
@ 2 — 3: Hotisochore 1 Wi
Qn :T"{HS(AQ)[Wgh ) ')\t
@ 3 — 4 Adiabatic expansion (A\; < )\;) Efficiency
Wa = Tr{[Hs(\1) — Hs(A2)]7g" } _wews A
@ 4 - 1: Coldisochore = Qn T

Qe = TH{Hs(\1)[r5e — 75"}




Summary

Overview

In this lecture we have:

@ Derived the Markovian master equation for a two-level system.
@ Developed the 1st and 2nd laws of thermodynamics with the MME framework.
@ Analyzed a quantum Otto cycle.

Next lecture:
@ Extensions to strong system-reservoir coupling.

Graeme Pleasance (SU.



Thank you

i

quantum.sun.ac.za
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