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Recap – Markovian master equations

Last week

Markovian master equation:

Dynamical semigroup

Φt+s = Φt ◦ Φs ∀t, s ≥ 0

Written in form Φt = eLt

GKSL theorem

General construction of generator L of quantum dynamical semigroup:

L(ρ) = −i[H0, ρ] +

d2−1∑
k=1

γk
(
VkρV

†
k −

1

2
{V †k Vk, ρ}

)
where

H0 is a self-adjoint operator.

Vk ∈ B(HS) are Lindblad operators.

γk ≥ 0 are transition rates.

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002
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Recap – Markovian master equations

Last week

Markovian master equation:

Microscopic derivation

H = HS +HR + α
∑
k

Ak ⊗Bk

where Ak and Bk are self-adjoint system
and reservoir operators.

<latexit sha1_base64="EcFZlpp4GIgsK3H2Pv7TatB6K9o=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPUY9OIxARMDSQizk04yZGZ2mekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13VxhLYdH3v73Myura+kZ2M7e1vbO7l98/qNsoMRxqPJKRaYTMghQaaihQQiM2wFQo4T4c3kz8+wcwVkT6DkcxtBXra9ETnKGTOvmjFsIjptWEaUwUtSOLoMadfMEv+lPQZRLMSYHMUenkv1rdiCcKNHLJrG0GfoztlBkUXMI410osxIwPWR+ajmqmwLbT6fljeuqULu1FxpVGOlV/T6RMWTtSoetUDAd20ZuI/3nNBHtX7VToOEHQfLaol0iKEZ1kQbvCAEc5coRxI9ytlA+YYRxdYjkXQrD48jKpnxeDi2KpWiqUr+dxZMkxOSFnJCCXpExuSYXUCCcpeSav5M178l68d+9j1prx5jOH5A+8zx83+JZP</latexit>

Quantum system

<latexit sha1_base64="Rl3wqUEGH8ka/x7NUzre2wr8uzA=">AAAB+HicjVDJSgNBFOyJW4xLRj16aQyCpzARt2PQi8coZoFkCD2dN0mTXobunkAc8iVePCji1U/x5t/YWQ4qChY8KKre4xUVJZwZGwQfXm5peWV1Lb9e2Njc2i76O7sNo1JNoU4VV7oVEQOcSahbZjm0Eg1ERBya0fBq6jdHoA1T8s6OEwgF6UsWM0qsk7p+MetogW/BgB4ppiddv1QpBzPgv0kJLVDr+u+dnqKpAGkpJ8a0K0Fiw4xoyyiHSaGTGkgIHZI+tB2VRIAJs1nwCT50Sg/HSruRFs/UrxcZEcaMReQ2BbED89Obir957dTGF2HGZJJakHT+KE45tgpPW8A9poFaPnaEUM1cVkwHRBNqXVeF/5XQOC5XzsqnNyel6uWijjzaRwfoCFXQOaqia1RDdURRih7QE3r27r1H78V7na/mvMXNHvoG7+0TFMKTYg==</latexit>

Reservoir

Markovian master equation (GKSL form)

Dynamics of open system in weak contact with thermal reservoir:

d

dt
ρS(t) = L(ρS) = −i[HS , ρS ] + α2

∑
ω

∑
k,l

γkl(ω)
[
Al(ω)ρSA

†
k(ω)−

1

2
{A†k(ω)Al(ω), ρS}

]
where Ak =

∑
ω Ak(ω), and γ(ω) ≥ 0.

Born approx – ρ(t) ≈ ρS(t)⊗ πR(β)

Markov approx – τR � τI

Secular approx – τS � τI

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002
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Reservoir

Markovian master equation (GKSL form)

Dynamics of open system in weak contact with thermal reservoir:

d

dt
ρS(t) = L(ρS) = −i[HS , ρS ] + α2

∑
ω

∑
k,l

γkl(ω)
[
Al(ω)ρSA

†
k(ω)−

1

2
{A†k(ω)Al(ω), ρS}

]
where Ak =

∑
ω Ak(ω), and γ(ω) ≥ 0.

KMS condition: 〈B̃k(−t)Bl〉β = 〈BlB̃k(t− iβ)〉β

⇒ L(πβS) = 0, πβS =
e−βHS

Tr e−βHS
H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002
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Recap – Markovian master equations Example – Two-level system

Two-level system

Hamiltonian:

H =
ω0

2
σz +

∑
k

ωkb
†
kbk + σx ⊗B |0〉

|1〉
ω0

Example (Construction of MME)

SystemHS = span{|0〉, |1〉}:

HS =
ω0

2
(|1〉〈1| − |0〉〈0|) HS |0〉 = −

ω0

2
|0〉, HS |1〉 = +

ω0

2
|1〉

Reservoir (Bosonic Fock space):

HR =
∑
k

ωkb
†
kbk [HR, bk] = −ωkbk, [HR, b

†
k] = ωkb

†
k

Interaction:

A = σx = |0〉〈1|+ |1〉〈0|, B =
∑
k

(g∗kbk + gkb
†
k)
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Recap – Markovian master equations Example – Two-level system

Two-level system

Hamiltonian:

H =
ω0

2
σz +

∑
k

ωkb
†
kbk + σx ⊗B

|0〉

|1〉
ω0

Example (Construction of MME)

Lindblad operators A(ω) =
∑
ε′−ε=ω Π(ε)AΠ(ε′), ε, ε′ ∈ {−ω0

2
, ω0

2
}:

A(ω0) = |0〉〈0|σx|1〉〈1| = σ− A(−ω0) = |1〉〈1|σx|0〉〈0| = σ+

where σ− ≡ σ†+ = |0〉〈1|.
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Recap – Markovian master equations Example – Two-level system

Two-level system

Hamiltonian:

H =
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†
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Example (Construction of MME)

Lindblad operators A(ω) =
∑
ε′−ε=ω Π(ε)AΠ(ε′), ε, ε′ ∈ {−ω0

2
, ω0

2
}:

A(ω0) = σ− A(−ω0) = σ+

Reservoir correlation functions:

C(t) = 〈B̃(t)B〉β =
∑
k,k′

〈[
g∗k b̃k(t) + gk b̃

†
k(t)

][
g∗k′bk′ + gk′b

†
k′
]〉
β

b̃k(t) = eiHRtbke
−iHRt = bke

−iωkt, b̃†k(t) = eiHRtb†ke
−iHRt = b†ke

iωkt
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2
}:

A(ω0) = σ− A(−ω0) = σ+

Reservoir correlation functions:

C(t) = 〈B̃(t)B〉β =
∑
k

|gk|2
[
nβ(ωk)eiωkt + (1 + nβ(ωk))e−iωkt

]
having used 〈bkb†k′ 〉β = (1 + nβ(ωk))δkk′ , 〈b

†
kbk′ 〉β = nβ(ωk)δkk′ , where

nβ(ω) =
1

eβω − 1
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∑
k

|gk|2
[
nβ(ωk)eiωkt + (1 + nβ(ωk))e−iωkt

]
Transition rates:

γ(ω) =

∫ ∞
−∞

dtC(t)eiωt
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[
nβ(ωk)eiωkt + (1 + nβ(ωk))e−iωkt

]
Transition rates:

γ(ω) =

∫ ∞
−∞

dtC(t)eiωt = 2π
∑
k

|gk|2
[
nβ(ωk)δ(ω + ωk) + (1 + nβ(ωk))δ(ω − ωk)

]

Graeme Pleasance (SU) Intro to QT 7/2/24 9/20



Recap – Markovian master equations Example – Two-level system

Two-level system

Hamiltonian:
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nβ(ωk)eiωkt + (1 + nβ(ωk))e−iωkt

]
Transition rates:

γ(ω) =

∫ ∞
−∞

dtC(t)eiωt = 2π

∫ ∞
0

dν|g(ν)|2%(ν)
[
nβ(ν)δ(ω+ν)+(1+nβ(ν))δ(ω−ν)

]
where %(ω) is the reservoir density of states.
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γ(ω0) = 2π|g(ω0)|2%0(1 + nβ(ω0)), γ(−ω0) = 2π|g(ω0)|2%0 nβ(ω0)
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Recap – Markovian master equations Example – Two-level system

Two-level system

Hamiltonian:

H =
ω0

2
σz +

∑
k

ωkb
†
kbk + σx ⊗B

|0〉

|1〉
ω0

Example (Two-level system)

Markovian master equation:

d

dt
ρS(t) = −i[HS , ρS(t)] + γ↓β

(
σ−ρSσ+ −

1

2
{σ+σ−, ρS}

)
+ γ↑β

(
σ+ρSσ− −

1

2
{σ−σ+, ρS}

)
where γ↓β = 2π|g(ω0)|2%0(1 + nβ(ω0)) and γ↑β = 2π|g(ω0)|2%0 nβ(ω0).
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Recap – Markovian master equations Example – Two-level system

Two-level system

Hamiltonian:

H =
ω0

2
σz +

∑
k

ωkb
†
kbk + σx ⊗B

|0〉

|1〉γ↑β γ↓β
ω0

Example (Two-level system)

Markovian master equation:

d

dt
ρS(t) = −i[HS , ρS(t)] + γ↓β

(
σ−ρSσ+ −

1

2
{σ+σ−, ρS}

)
︸ ︷︷ ︸

Thermal emission

+ γ↑β

(
σ+ρSσ− −

1

2
{σ−σ+, ρS}

)
︸ ︷︷ ︸

Thermal absorption

where γ↓β = 2π|g(ω0)|2%0(1 + nβ(ω0)) and γ↑β = 2π|g(ω0)|2%0 nβ(ω0).
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Recap – Markovian master equations Example – Two-level system

Contents – lecture 3

1 Recap – Markovian master equations
Example – Two-level system

2 1st and 2nd laws of thermodynamics

3 Quantum thermal machines
Heat engines and refrigerators
Quantum Otto cycle

4 Summary
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1st and 2nd laws of thermodynamics

1st law

Hamiltonian: H(λt) = HS(λt) +HR + V

Isolated system ∆U = W :

Internal energy: U(t) = Tr[H(λt)ρ(t)]

Work:

∆U =

∫ t

0

dsTr[Ḣ(λs)ρ(s)] =

∫ t

0

dsTrS [ḢS(λs)ρS(s)] ≡W

λt
system
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dsTr[Ḣ(λs)ρ(s)] =

∫ t

0

dsTrS [ḢS(λs)ρS(s)] ≡W

λt
system

Reservoir

Open system ∆US = W +Q (Vinjanampathy & Anders, CP 2016)

Internal energy: Tr[H(λt)ρ(t)] ≈ Tr[HS(λt)ρS(t)] + Tr[HRρR(t)]

⇒ US(t) ≈ Tr[HS(λt)ρS(t)]

∆U̇S = Tr[ḢS(λt)ρS(t)] + Tr[HS(λt)ρ̇S(t)]

Heat:

Q =

∫ t

0
dsTr[HS(λs)ρ̇S(s)] =

∫ t

0
dsTr[HS(λs)L(ρS)]
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∆U̇S = Tr[ḢS(λt)ρS(t)] + Tr[HS(λt)ρ̇S(t)]

Heat:

Q =

∫ t

0
dsTr[HS(λs)ρ̇S(s)] =

∫ t

0
dsTr[HS(λs)L(ρS)]

Graeme Pleasance (SU) Intro to QT 7/2/24 14/20



1st and 2nd laws of thermodynamics

2nd law

Heat: Q =
∫ t
0
dsTr[HS(λs)L(ρS)]

Relative entropy:

S(ρ1||ρ2) = Tr[ρ1(ln ρ1 − ln ρ2)] ≥ 0

λt
system

Reservoir

Open system σ̇S ≥ 0 (Vinjanampathy & Anders, CP 2016)

Monotonicity of relative entropy: S(Φρ1||Φρ2) ≤ S(ρ1||ρ2)

L(πβS) = 0⇒ σ̇S ≡ −
d

dt
S(ρS ||πβS) ≥ 0

Spohn’s inequality: −Tr[L(ρS)(ln ρS(t)− lnπβS)] ≥ 0

σ̇S =
d

dt
S(ρS)− βQ̇ ≥ 0

⇒ ∆σS = ∆S(ρS)− βQ ≥ 0

where S(ρS) = −Tr[ρS ln ρS ] is the von Neumann entropy.

H. Spohn, Entropy production for quantum dynamical semigroups, 1978
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Quantum thermal machines Heat engines and refrigerators

Continuous and reciprocating machines

Continuous thermal machines:

d

dt
ρS(t) = −i[HS(λt), ρS(t)] +

∑
α=h,c

Dβα(ρS)

where λt = λt+T .

Work and heat exchange occur continuously.

Power:

P = Ẇout = −Tr
[
∂HS(λt)

∂t
ρS(t)

]
Heat currents:

Jα = Q̇α = Tr[HS(λt)Dβα(ρS)]

Heat engine P > 0.

<latexit sha1_base64="w4db2prDkf6JrEtRBVLBrzm/+P0=">AAAB8XicjVDLSgNBEOz1GeMr6tHLYBA8hY1I9BjwEjxFMA9MljA7mU2GzM4sM71iWPIXXjwo4tW/8ebfOHkcVBQsaCiquunuChMpLPr+h7e0vLK6tp7byG9ube/sFvb2m1anhvEG01Kbdkgtl0LxBgqUvJ0YTuNQ8lY4upz6rTturNDqBscJD2I6UCISjKKTbrvI7zGraZz0CsVyyZ+B/E2KsEC9V3jv9jVLY66QSWptp+wnGGTUoGCST/Ld1PKEshEd8I6jisbcBtns4gk5dkqfRNq4Ukhm6teJjMbWjuPQdcYUh/anNxV/8zopRhdBJlSSIldsvihKJUFNpu+TvjCcoRw7QpkR7lbChtRQhi6k/P9CaJ6WypVS5fqsWL1axJGDQziCEyjDOVShBnVoAAMFD/AEz571Hr0X73XeuuQtZg7gG7y3TxFVkTg=</latexit>

Hot

<latexit sha1_base64="kQCnremXN4r1TO3hIYyf3dfIII0=">AAAB8nicjVDLSsNAFL3xWeur6tLNYBFclUSkuiy4EVcV7APSUCaTSTt0MgkzN2IJ/Qw3LhRx69e482+cPhYqCh4YOJxzLvfOCTMpDLruh7O0vLK6tl7aKG9ube/sVvb22ybNNeMtlspUd0NquBSKt1Cg5N1Mc5qEknfC0eXU79xxbUSqbnGc8SChAyViwShaye8hv8fCxqJJv1L1au4M5G9ShQWa/cp7L0pZnnCFTFJjfM/NMCioRsEkn5R7ueEZZSM64L6liibcBMXs5Ak5tkpE4lTbp5DM1K8TBU2MGSehTSYUh+anNxV/8/wc44ugECrLkSs2XxTnkmBKpv8nkdCcoRxbQpkW9lbChlRThral8v9KaJ/WvHqtfnNWbVwv6ijBIRzBCXhwDg24gia0gEEKD/AEzw46j86L8zqPLjmLmQP4BuftE74ukZk=</latexit>

Cold

Q <latexit sha1_base64="XgTpAB675CroaAAOv9EbdhdI4Ng=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPBi3iqYD+gDWWz3bRLN7thdyKW0J/hxYMiXv013vw3btsctPXBwOO9GWbmhYngBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesiRwF6ySakTgUrB2Ob2Z++5Fpw5V8wEnCgpgMJY84JWilbg/ZE2ZtpcfTfrniVb053FXi56QCORr98ldvoGgaM4lUEGO6vpdgkBGNnAo2LfVSwxJCx2TIupZKEjMTZPOTp+6ZVQZupLQtie5c/T2RkdiYSRzazpjgyCx7M/E/r5tidB1kXCYpMkkXi6JUuKjc2f/ugGtGUUwsIVRze6tLR0QTijalkg3BX355lbQuqn6tWru/rNTv8jiKcAKncA4+XEEdbqEBTaCg4Ble4c1B58V5dz4WrQUnnzmGP3A+fwDsMJG3</latexit>

Work

<latexit sha1_base64="E1ns2xWXxjQR55F1sNmepNCK0zs=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi1WPBS/FUwdZCG8pmO2mXbnbD7kQsoT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxPBDXret1NYW9/Y3Cpul3Z29/YPyodHbaNSzaDFlFC6E1IDgktoIUcBnUQDjUMBD+H4ZuY/PII2XMl7nCQQxHQoecQZRSt1ewhPmDWA4rRfrnhVbw53lfg5qZAczX75qzdQLI1BIhPUmK7vJRhkVCNnAqalXmogoWxMh9C1VNIYTJDNT566Z1YZuJHStiS6c/X3REZjYyZxaDtjiiOz7M3E/7xuitF1kHGZpAiSLRZFqXBRubP/3QHXwFBMLKFMc3ury0ZUU4Y2pZINwV9+eZW0L6p+rVq7u6zUb/M4iuSEnJJz4pMrUicN0iQtwogiz+SVvDnovDjvzseiteDkM8fkD5zPH7m5kZY=</latexit>

Heat

<latexit sha1_base64="E1ns2xWXxjQR55F1sNmepNCK0zs=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi1WPBS/FUwdZCG8pmO2mXbnbD7kQsoT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxPBDXret1NYW9/Y3Cpul3Z29/YPyodHbaNSzaDFlFC6E1IDgktoIUcBnUQDjUMBD+H4ZuY/PII2XMl7nCQQxHQoecQZRSt1ewhPmDWA4rRfrnhVbw53lfg5qZAczX75qzdQLI1BIhPUmK7vJRhkVCNnAqalXmogoWxMh9C1VNIYTJDNT566Z1YZuJHStiS6c/X3REZjYyZxaDtjiiOz7M3E/7xuitF1kHGZpAiSLRZFqXBRubP/3QHXwFBMLKFMc3ury0ZUU4Y2pZINwV9+eZW0L6p+rVq7u6zUb/M4iuSEnJJz4pMrUicN0iQtwogiz+SVvDnovDjvzseiteDkM8fkD5zPH7m5kZY=</latexit>

Heat

S. Bhattacharjeea, A. Dutta Quantum thermal machines and batteries, 2021
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Quantum thermal machines Heat engines and refrigerators

Continuous and reciprocating machines
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P = Ẇout = −Tr
[
∂HS(λt)

∂t
ρS(t)

]
Heat currents:

Jα = Q̇α = Tr[HS(λt)Dβα(ρS)]

Heat engine P > 0.

<latexit sha1_base64="w4db2prDkf6JrEtRBVLBrzm/+P0=">AAAB8XicjVDLSgNBEOz1GeMr6tHLYBA8hY1I9BjwEjxFMA9MljA7mU2GzM4sM71iWPIXXjwo4tW/8ebfOHkcVBQsaCiquunuChMpLPr+h7e0vLK6tp7byG9ube/sFvb2m1anhvEG01Kbdkgtl0LxBgqUvJ0YTuNQ8lY4upz6rTturNDqBscJD2I6UCISjKKTbrvI7zGraZz0CsVyyZ+B/E2KsEC9V3jv9jVLY66QSWptp+wnGGTUoGCST/Ld1PKEshEd8I6jisbcBtns4gk5dkqfRNq4Ukhm6teJjMbWjuPQdcYUh/anNxV/8zopRhdBJlSSIldsvihKJUFNpu+TvjCcoRw7QpkR7lbChtRQhi6k/P9CaJ6WypVS5fqsWL1axJGDQziCEyjDOVShBnVoAAMFD/AEz571Hr0X73XeuuQtZg7gG7y3TxFVkTg=</latexit>

Hot

<latexit sha1_base64="kQCnremXN4r1TO3hIYyf3dfIII0=">AAAB8nicjVDLSsNAFL3xWeur6tLNYBFclUSkuiy4EVcV7APSUCaTSTt0MgkzN2IJ/Qw3LhRx69e482+cPhYqCh4YOJxzLvfOCTMpDLruh7O0vLK6tl7aKG9ube/sVvb22ybNNeMtlspUd0NquBSKt1Cg5N1Mc5qEknfC0eXU79xxbUSqbnGc8SChAyViwShaye8hv8fCxqJJv1L1au4M5G9ShQWa/cp7L0pZnnCFTFJjfM/NMCioRsEkn5R7ueEZZSM64L6liibcBMXs5Ak5tkpE4lTbp5DM1K8TBU2MGSehTSYUh+anNxV/8/wc44ugECrLkSs2XxTnkmBKpv8nkdCcoRxbQpkW9lbChlRThral8v9KaJ/WvHqtfnNWbVwv6ijBIRzBCXhwDg24gia0gEEKD/AEzw46j86L8zqPLjmLmQP4BuftE74ukZk=</latexit>

Cold

Q <latexit sha1_base64="XgTpAB675CroaAAOv9EbdhdI4Ng=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPBi3iqYD+gDWWz3bRLN7thdyKW0J/hxYMiXv013vw3btsctPXBwOO9GWbmhYngBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesiRwF6ySakTgUrB2Ob2Z++5Fpw5V8wEnCgpgMJY84JWilbg/ZE2ZtpcfTfrniVb053FXi56QCORr98ldvoGgaM4lUEGO6vpdgkBGNnAo2LfVSwxJCx2TIupZKEjMTZPOTp+6ZVQZupLQtie5c/T2RkdiYSRzazpjgyCx7M/E/r5tidB1kXCYpMkkXi6JUuKjc2f/ugGtGUUwsIVRze6tLR0QTijalkg3BX355lbQuqn6tWru/rNTv8jiKcAKncA4+XEEdbqEBTaCg4Ble4c1B58V5dz4WrQUnnzmGP3A+fwDsMJG3</latexit>

Work

<latexit sha1_base64="E1ns2xWXxjQR55F1sNmepNCK0zs=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi1WPBS/FUwdZCG8pmO2mXbnbD7kQsoT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxPBDXret1NYW9/Y3Cpul3Z29/YPyodHbaNSzaDFlFC6E1IDgktoIUcBnUQDjUMBD+H4ZuY/PII2XMl7nCQQxHQoecQZRSt1ewhPmDWA4rRfrnhVbw53lfg5qZAczX75qzdQLI1BIhPUmK7vJRhkVCNnAqalXmogoWxMh9C1VNIYTJDNT566Z1YZuJHStiS6c/X3REZjYyZxaDtjiiOz7M3E/7xuitF1kHGZpAiSLRZFqXBRubP/3QHXwFBMLKFMc3ury0ZUU4Y2pZINwV9+eZW0L6p+rVq7u6zUb/M4iuSEnJJz4pMrUicN0iQtwogiz+SVvDnovDjvzseiteDkM8fkD5zPH7m5kZY=</latexit>

Heat

<latexit sha1_base64="E1ns2xWXxjQR55F1sNmepNCK0zs=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi1WPBS/FUwdZCG8pmO2mXbnbD7kQsoT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxPBDXret1NYW9/Y3Cpul3Z29/YPyodHbaNSzaDFlFC6E1IDgktoIUcBnUQDjUMBD+H4ZuY/PII2XMl7nCQQxHQoecQZRSt1ewhPmDWA4rRfrnhVbw53lfg5qZAczX75qzdQLI1BIhPUmK7vJRhkVCNnAqalXmogoWxMh9C1VNIYTJDNT566Z1YZuJHStiS6c/X3REZjYyZxaDtjiiOz7M3E/7xuitF1kHGZpAiSLRZFqXBRubP/3QHXwFBMLKFMc3ury0ZUU4Y2pZINwV9+eZW0L6p+rVq7u6zUb/M4iuSEnJJz4pMrUicN0iQtwogiz+SVvDnovDjvzseiteDkM8fkD5zPH7m5kZY=</latexit>

Heat

S. Bhattacharjeea, A. Dutta Quantum thermal machines and batteries, 2021

Graeme Pleasance (SU) Intro to QT 7/2/24 16/20



Quantum thermal machines Heat engines and refrigerators

Continuous and reciprocating machines

Continuous thermal machines:

d

dt
ρS(t) = −i[HS(λt), ρS(t)] +

∑
α=h,c

Dβα(ρS)

where λt = λt+T .

Work and heat exchange occur continuously.

Power:
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Heat

<latexit sha1_base64="E1ns2xWXxjQR55F1sNmepNCK0zs=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi1WPBS/FUwdZCG8pmO2mXbnbD7kQsoT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxPBDXret1NYW9/Y3Cpul3Z29/YPyodHbaNSzaDFlFC6E1IDgktoIUcBnUQDjUMBD+H4ZuY/PII2XMl7nCQQxHQoecQZRSt1ewhPmDWA4rRfrnhVbw53lfg5qZAczX75qzdQLI1BIhPUmK7vJRhkVCNnAqalXmogoWxMh9C1VNIYTJDNT566Z1YZuJHStiS6c/X3REZjYyZxaDtjiiOz7M3E/7xuitF1kHGZpAiSLRZFqXBRubP/3QHXwFBMLKFMc3ury0ZUU4Y2pZINwV9+eZW0L6p+rVq7u6zUb/M4iuSEnJJz4pMrUicN0iQtwogiz+SVvDnovDjvzseiteDkM8fkD5zPH7m5kZY=</latexit>

Heat
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Quantum thermal machines Heat engines and refrigerators

Continuous and reciprocating machines

Reciprocating thermal machines:

Work and heat exchange occur
over sequence of strokes.

Power:

P =
Wout

t1 + t2 + th + tc

E�ciency:

η =
Wout

Qh

Heat engine P > 0.

<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3
<latexit sha1_base64="VFuKpcP2szKC8d4watpjz6oE7OE=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx61j04rGC/YA2lM120q7dbMLuRiihv8CLB8Wrv8mb/8Ztm4O2Phh4vDfDzLwwFVwbz/t2SmvrG5tb5W13Z3dv/6DiHrZ0kimGTZaIRHVCqlFwiU3DjcBOqpDGocB2OL6b+e1nVJon8tFMUgxiOpQ84owaKz1c9CtVr+bNQVaJX5AqFGj0K1+9QcKyGKVhgmrd9b3UBDlVhjOBU7eXaUwpG9Mhdi2VNEYd5PNDp+TUKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6CbIuUwzg5ItFkWZICYhs6/JgCtkRkwsoUxxeythI6ooMzYb14bgL7+8SlrnNf+qdlmt3xZhlOEYTuAMfLiGOtxDA5rAAOEF3uDdeXJenY9FY8kpJo7gD5zPHxfri5g=</latexit>

4

<latexit sha1_base64="XgTpAB675CroaAAOv9EbdhdI4Ng=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPBi3iqYD+gDWWz3bRLN7thdyKW0J/hxYMiXv013vw3btsctPXBwOO9GWbmhYngBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesiRwF6ySakTgUrB2Ob2Z++5Fpw5V8wEnCgpgMJY84JWilbg/ZE2ZtpcfTfrniVb053FXi56QCORr98ldvoGgaM4lUEGO6vpdgkBGNnAo2LfVSwxJCx2TIupZKEjMTZPOTp+6ZVQZupLQtie5c/T2RkdiYSRzazpjgyCx7M/E/r5tidB1kXCYpMkkXi6JUuKjc2f/ugGtGUUwsIVRze6tLR0QTijalkg3BX355lbQuqn6tWru/rNTv8jiKcAKncA4+XEEdbqEBTaCg4Ble4c1B58V5dz4WrQUnnzmGP3A+fwDsMJG3</latexit>

Work

<latexit sha1_base64="XgTpAB675CroaAAOv9EbdhdI4Ng=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPBi3iqYD+gDWWz3bRLN7thdyKW0J/hxYMiXv013vw3btsctPXBwOO9GWbmhYngBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesiRwF6ySakTgUrB2Ob2Z++5Fpw5V8wEnCgpgMJY84JWilbg/ZE2ZtpcfTfrniVb053FXi56QCORr98ldvoGgaM4lUEGO6vpdgkBGNnAo2LfVSwxJCx2TIupZKEjMTZPOTp+6ZVQZupLQtie5c/T2RkdiYSRzazpjgyCx7M/E/r5tidB1kXCYpMkkXi6JUuKjc2f/ugGtGUUwsIVRze6tLR0QTijalkg3BX355lbQuqn6tWru/rNTv8jiKcAKncA4+XEEdbqEBTaCg4Ble4c1B58V5dz4WrQUnnzmGP3A+fwDsMJG3</latexit>

Work

<latexit sha1_base64="E1ns2xWXxjQR55F1sNmepNCK0zs=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi1WPBS/FUwdZCG8pmO2mXbnbD7kQsoT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxPBDXret1NYW9/Y3Cpul3Z29/YPyodHbaNSzaDFlFC6E1IDgktoIUcBnUQDjUMBD+H4ZuY/PII2XMl7nCQQxHQoecQZRSt1ewhPmDWA4rRfrnhVbw53lfg5qZAczX75qzdQLI1BIhPUmK7vJRhkVCNnAqalXmogoWxMh9C1VNIYTJDNT566Z1YZuJHStiS6c/X3REZjYyZxaDtjiiOz7M3E/7xuitF1kHGZpAiSLRZFqXBRubP/3QHXwFBMLKFMc3ury0ZUU4Y2pZINwV9+eZW0L6p+rVq7u6zUb/M4iuSEnJJz4pMrUicN0iQtwogiz+SVvDnovDjvzseiteDkM8fkD5zPH7m5kZY=</latexit>

Heat
<latexit sha1_base64="E1ns2xWXxjQR55F1sNmepNCK0zs=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi1WPBS/FUwdZCG8pmO2mXbnbD7kQsoT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxPBDXret1NYW9/Y3Cpul3Z29/YPyodHbaNSzaDFlFC6E1IDgktoIUcBnUQDjUMBD+H4ZuY/PII2XMl7nCQQxHQoecQZRSt1ewhPmDWA4rRfrnhVbw53lfg5qZAczX75qzdQLI1BIhPUmK7vJRhkVCNnAqalXmogoWxMh9C1VNIYTJDNT566Z1YZuJHStiS6c/X3REZjYyZxaDtjiiOz7M3E/7xuitF1kHGZpAiSLRZFqXBRubP/3QHXwFBMLKFMc3ury0ZUU4Y2pZINwV9+eZW0L6p+rVq7u6zUb/M4iuSEnJJz4pMrUicN0iQtwogiz+SVvDnovDjvzseiteDkM8fkD5zPH7m5kZY=</latexit>

Heat
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Quantum thermal machines Heat engines and refrigerators

Continuous and reciprocating machines

Reciprocating thermal machines:

Work and heat exchange occur
over sequence of strokes.

Power:

P =
Wout

t1 + t2 + th + tc

E�ciency:

η =
Wout

Qh

Heat engine P > 0.

<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3
<latexit sha1_base64="VFuKpcP2szKC8d4watpjz6oE7OE=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx61j04rGC/YA2lM120q7dbMLuRiihv8CLB8Wrv8mb/8Ztm4O2Phh4vDfDzLwwFVwbz/t2SmvrG5tb5W13Z3dv/6DiHrZ0kimGTZaIRHVCqlFwiU3DjcBOqpDGocB2OL6b+e1nVJon8tFMUgxiOpQ84owaKz1c9CtVr+bNQVaJX5AqFGj0K1+9QcKyGKVhgmrd9b3UBDlVhjOBU7eXaUwpG9Mhdi2VNEYd5PNDp+TUKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6CbIuUwzg5ItFkWZICYhs6/JgCtkRkwsoUxxeythI6ooMzYb14bgL7+8SlrnNf+qdlmt3xZhlOEYTuAMfLiGOtxDA5rAAOEF3uDdeXJenY9FY8kpJo7gD5zPHxfri5g=</latexit>

4

<latexit sha1_base64="XgTpAB675CroaAAOv9EbdhdI4Ng=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPBi3iqYD+gDWWz3bRLN7thdyKW0J/hxYMiXv013vw3btsctPXBwOO9GWbmhYngBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesiRwF6ySakTgUrB2Ob2Z++5Fpw5V8wEnCgpgMJY84JWilbg/ZE2ZtpcfTfrniVb053FXi56QCORr98ldvoGgaM4lUEGO6vpdgkBGNnAo2LfVSwxJCx2TIupZKEjMTZPOTp+6ZVQZupLQtie5c/T2RkdiYSRzazpjgyCx7M/E/r5tidB1kXCYpMkkXi6JUuKjc2f/ugGtGUUwsIVRze6tLR0QTijalkg3BX355lbQuqn6tWru/rNTv8jiKcAKncA4+XEEdbqEBTaCg4Ble4c1B58V5dz4WrQUnnzmGP3A+fwDsMJG3</latexit>

Work

<latexit sha1_base64="XgTpAB675CroaAAOv9EbdhdI4Ng=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPBi3iqYD+gDWWz3bRLN7thdyKW0J/hxYMiXv013vw3btsctPXBwOO9GWbmhYngBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesiRwF6ySakTgUrB2Ob2Z++5Fpw5V8wEnCgpgMJY84JWilbg/ZE2ZtpcfTfrniVb053FXi56QCORr98ldvoGgaM4lUEGO6vpdgkBGNnAo2LfVSwxJCx2TIupZKEjMTZPOTp+6ZVQZupLQtie5c/T2RkdiYSRzazpjgyCx7M/E/r5tidB1kXCYpMkkXi6JUuKjc2f/ugGtGUUwsIVRze6tLR0QTijalkg3BX355lbQuqn6tWru/rNTv8jiKcAKncA4+XEEdbqEBTaCg4Ble4c1B58V5dz4WrQUnnzmGP3A+fwDsMJG3</latexit>

Work

<latexit sha1_base64="E1ns2xWXxjQR55F1sNmepNCK0zs=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi1WPBS/FUwdZCG8pmO2mXbnbD7kQsoT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxPBDXret1NYW9/Y3Cpul3Z29/YPyodHbaNSzaDFlFC6E1IDgktoIUcBnUQDjUMBD+H4ZuY/PII2XMl7nCQQxHQoecQZRSt1ewhPmDWA4rRfrnhVbw53lfg5qZAczX75qzdQLI1BIhPUmK7vJRhkVCNnAqalXmogoWxMh9C1VNIYTJDNT566Z1YZuJHStiS6c/X3REZjYyZxaDtjiiOz7M3E/7xuitF1kHGZpAiSLRZFqXBRubP/3QHXwFBMLKFMc3ury0ZUU4Y2pZINwV9+eZW0L6p+rVq7u6zUb/M4iuSEnJJz4pMrUicN0iQtwogiz+SVvDnovDjvzseiteDkM8fkD5zPH7m5kZY=</latexit>

Heat
<latexit sha1_base64="E1ns2xWXxjQR55F1sNmepNCK0zs=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi1WPBS/FUwdZCG8pmO2mXbnbD7kQsoT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxPBDXret1NYW9/Y3Cpul3Z29/YPyodHbaNSzaDFlFC6E1IDgktoIUcBnUQDjUMBD+H4ZuY/PII2XMl7nCQQxHQoecQZRSt1ewhPmDWA4rRfrnhVbw53lfg5qZAczX75qzdQLI1BIhPUmK7vJRhkVCNnAqalXmogoWxMh9C1VNIYTJDNT566Z1YZuJHStiS6c/X3REZjYyZxaDtjiiOz7M3E/7xuitF1kHGZpAiSLRZFqXBRubP/3QHXwFBMLKFMc3ury0ZUU4Y2pZINwV9+eZW0L6p+rVq7u6zUb/M4iuSEnJJz4pMrUicN0iQtwogiz+SVvDnovDjvzseiteDkM8fkD5zPH7m5kZY=</latexit>

Heat
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Quantum thermal machines Quantum Otto cycle

Reciprocating heat engine

Quantum Otto cycle (4-stroke):

ΦOtto = Φtc ◦ Φt2 ◦ Φth ◦ Φt1

Working mediumHS(λt) = λt
2

(σz + 1)

1 1→ 2: Adiabatic compression (λ2 > λ1)

W1 = Tr{[HS(λ2)−HS(λ1)]πβcS }

2 2→ 3: Hot isochore

Qh = Tr{HS(λ2)[π
βh
S − π

βc
S ]}

3 3→ 4: Adiabatic expansion (λ1 < λ2)

W2 = Tr{[HS(λ1)−HS(λ2)]π
βh
S }

4 4→ 1: Cold isochore

Qc = Tr{HS(λ1)[πβcS − π
βh
S ]}

<latexit sha1_base64="ktpXCs2NYujaN4GJiWwfed31C/I=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyURX8uimy4r2gc0oUymk3boZBJmboQSCv6KGxeKuPU73Pk3TtsstPXAhTPn3Mvce4JEcA2O820tLa+srq0XNoqbW9s7u/beflPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLyd+K1HpjSP5QOMEuZHpC95yCkBI3XtQ08Q2RcM17r3ZTj11PTVtUtOxZkCLxI3JyWUo961v7xeTNOISaCCaN1xnQT8jCjgVLBx0Us1Swgdkj7rGCpJxLSfTdcf4xOj9HAYK1MS8FT9PZGRSOtRFJjOiMBAz3sT8T+vk0J47WdcJikwSWcfhanAEONJFrjHFaMgRoYQqrjZFdMBUYSCSaxoQnDnT14kzbOKe1m5uDsvVW/yOAroCB2jMnLRFaqiGqqjBqIoQ8/oFb1ZT9aL9W59zFqXrHzmAP2B9fkDPUOVCg==</latexit>hHS(t)i

<latexit sha1_base64="XobVOOAd1YKFNfYRdErj0F/PLLs=">AAAB8HicbVDLSgMxFL1TX7W+qi7dDBbBVZkRX8uiG5cV7EPaoWQyaRuaZIbkjlCGfoUbF4q49XPc+Tem7Sy09UDgcM655N4TJoIb9Lxvp7Cyura+UdwsbW3v7O6V9w+aJk41ZQ0ai1i3Q2KY4Io1kKNg7UQzIkPBWuHoduq3npg2PFYPOE5YIMlA8T6nBK302BU2GpEe9soVr+rN4C4TPycVyFHvlb+6UUxTyRRSQYzp+F6CQUY0cirYpNRNDUsIHZEB61iqiGQmyGYLT9wTq0RuP9b2KXRn6u+JjEhjxjK0SUlwaBa9qfif10mxfx1kXCUpMkXnH/VT4WLsTq93I64ZRTG2hFDN7a4uHRJNKNqOSrYEf/HkZdI8q/qX1Yv780rtJq+jCEdwDKfgwxXU4A7q0AAKEp7hFd4c7bw4787HPFpw8plD+APn8wfPm5Bu</latexit>

�t

<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3
<latexit sha1_base64="VFuKpcP2szKC8d4watpjz6oE7OE=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx61j04rGC/YA2lM120q7dbMLuRiihv8CLB8Wrv8mb/8Ztm4O2Phh4vDfDzLwwFVwbz/t2SmvrG5tb5W13Z3dv/6DiHrZ0kimGTZaIRHVCqlFwiU3DjcBOqpDGocB2OL6b+e1nVJon8tFMUgxiOpQ84owaKz1c9CtVr+bNQVaJX5AqFGj0K1+9QcKyGKVhgmrd9b3UBDlVhjOBU7eXaUwpG9Mhdi2VNEYd5PNDp+TUKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6CbIuUwzg5ItFkWZICYhs6/JgCtkRkwsoUxxeythI6ooMzYb14bgL7+8SlrnNf+qdlmt3xZhlOEYTuAMfLiGOtxDA5rAAOEF3uDdeXJenY9FY8kpJo7gD5zPHxfri5g=</latexit>

4

<latexit sha1_base64="QRIjOwWu7S5nPUAjg0aBj+RSIHU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6aPW8XrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndZvbg/r9Ru8jiKcATHcAoeXEEN7qAODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QPcm42J</latexit>

W1

<latexit sha1_base64="rfeYrec7IBPKW+0XoXZLDEOQY/k=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHNA5IlzE5mkyGzs8tMrxCWfIIXD4p49Yu8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWIo4T7Ee0rEQpG0UoPze5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+mpY3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZ/E16QnOGcmQJZVrYWwkbUE0Z2nSKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwZ9eIZXeHOk8+K8Ox+z1iUnnzmAP3A+fwDfo42L</latexit>

W3

<latexit sha1_base64="uihgj+DEOkC9ILBBo2lBhmsjO0k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cEzQOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuTaiFg94CThfkSHSoSCUbTSfaPP+uWKW3XnIH+Jl5MK5Kj3y5+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiUnVhmQMNa2FJK5+nMio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll/+S1pnVe+yetE4r9Ru8jiKcATHcAoeXEEN7qAOTWAwhCd4gVdHOs/Om/O+aC04+cwh/ILz8Q0fTo21</latexit>

Qc

<latexit sha1_base64="JrZs58GyPiAaZ9rt29b9y3nUGyQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cEzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+WDmSToR3QoecgZNVa6b/RH/XLFrbpzkL/Ey0kFctT75c/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TEKgMSxsqWNGSu/pzIaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW375L2mdVb3L6kXjvFK7yeMowhEcwyl4cAU1uIM6NIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzcm4o26</latexit>

Qh
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Quantum thermal machines Quantum Otto cycle

Reciprocating heat engine

Quantum Otto cycle (4-stroke):

ΦOtto = Φtc ◦ Φt2 ◦ Φth ◦ Φt1

Working mediumHS(λt) = λt
2

(σz + 1)

1 1→ 2: Adiabatic compression (λ2 > λ1)

W1 = Tr{[HS(λ2)−HS(λ1)]πβcS }

2 2→ 3: Hot isochore

Qh = Tr{HS(λ2)[π
βh
S − π

βc
S ]}

3 3→ 4: Adiabatic expansion (λ1 < λ2)

W2 = Tr{[HS(λ1)−HS(λ2)]π
βh
S }

4 4→ 1: Cold isochore

Qc = Tr{HS(λ1)[πβcS − π
βh
S ]}

<latexit sha1_base64="ktpXCs2NYujaN4GJiWwfed31C/I=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyURX8uimy4r2gc0oUymk3boZBJmboQSCv6KGxeKuPU73Pk3TtsstPXAhTPn3Mvce4JEcA2O820tLa+srq0XNoqbW9s7u/beflPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLyd+K1HpjSP5QOMEuZHpC95yCkBI3XtQ08Q2RcM17r3ZTj11PTVtUtOxZkCLxI3JyWUo961v7xeTNOISaCCaN1xnQT8jCjgVLBx0Us1Swgdkj7rGCpJxLSfTdcf4xOj9HAYK1MS8FT9PZGRSOtRFJjOiMBAz3sT8T+vk0J47WdcJikwSWcfhanAEONJFrjHFaMgRoYQqrjZFdMBUYSCSaxoQnDnT14kzbOKe1m5uDsvVW/yOAroCB2jMnLRFaqiGqqjBqIoQ8/oFb1ZT9aL9W59zFqXrHzmAP2B9fkDPUOVCg==</latexit>hHS(t)i

<latexit sha1_base64="XobVOOAd1YKFNfYRdErj0F/PLLs=">AAAB8HicbVDLSgMxFL1TX7W+qi7dDBbBVZkRX8uiG5cV7EPaoWQyaRuaZIbkjlCGfoUbF4q49XPc+Tem7Sy09UDgcM655N4TJoIb9Lxvp7Cyura+UdwsbW3v7O6V9w+aJk41ZQ0ai1i3Q2KY4Io1kKNg7UQzIkPBWuHoduq3npg2PFYPOE5YIMlA8T6nBK302BU2GpEe9soVr+rN4C4TPycVyFHvlb+6UUxTyRRSQYzp+F6CQUY0cirYpNRNDUsIHZEB61iqiGQmyGYLT9wTq0RuP9b2KXRn6u+JjEhjxjK0SUlwaBa9qfif10mxfx1kXCUpMkXnH/VT4WLsTq93I64ZRTG2hFDN7a4uHRJNKNqOSrYEf/HkZdI8q/qX1Yv780rtJq+jCEdwDKfgwxXU4A7q0AAKEp7hFd4c7bw4787HPFpw8plD+APn8wfPm5Bu</latexit>

�t

<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3
<latexit sha1_base64="VFuKpcP2szKC8d4watpjz6oE7OE=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx61j04rGC/YA2lM120q7dbMLuRiihv8CLB8Wrv8mb/8Ztm4O2Phh4vDfDzLwwFVwbz/t2SmvrG5tb5W13Z3dv/6DiHrZ0kimGTZaIRHVCqlFwiU3DjcBOqpDGocB2OL6b+e1nVJon8tFMUgxiOpQ84owaKz1c9CtVr+bNQVaJX5AqFGj0K1+9QcKyGKVhgmrd9b3UBDlVhjOBU7eXaUwpG9Mhdi2VNEYd5PNDp+TUKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6CbIuUwzg5ItFkWZICYhs6/JgCtkRkwsoUxxeythI6ooMzYb14bgL7+8SlrnNf+qdlmt3xZhlOEYTuAMfLiGOtxDA5rAAOEF3uDdeXJenY9FY8kpJo7gD5zPHxfri5g=</latexit>

4

<latexit sha1_base64="QRIjOwWu7S5nPUAjg0aBj+RSIHU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6aPW8XrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndZvbg/r9Ru8jiKcATHcAoeXEEN7qAODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QPcm42J</latexit>

W1

<latexit sha1_base64="rfeYrec7IBPKW+0XoXZLDEOQY/k=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHNA5IlzE5mkyGzs8tMrxCWfIIXD4p49Yu8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWIo4T7Ee0rEQpG0UoPze5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+mpY3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZ/E16QnOGcmQJZVrYWwkbUE0Z2nSKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwZ9eIZXeHOk8+K8Ox+z1iUnnzmAP3A+fwDfo42L</latexit>

W3

<latexit sha1_base64="uihgj+DEOkC9ILBBo2lBhmsjO0k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cEzQOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuTaiFg94CThfkSHSoSCUbTSfaPP+uWKW3XnIH+Jl5MK5Kj3y5+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiUnVhmQMNa2FJK5+nMio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll/+S1pnVe+yetE4r9Ru8jiKcATHcAoeXEEN7qAOTWAwhCd4gVdHOs/Om/O+aC04+cwh/ILz8Q0fTo21</latexit>

Qc

<latexit sha1_base64="JrZs58GyPiAaZ9rt29b9y3nUGyQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cEzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+WDmSToR3QoecgZNVa6b/RH/XLFrbpzkL/Ey0kFctT75c/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TEKgMSxsqWNGSu/pzIaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW375L2mdVb3L6kXjvFK7yeMowhEcwyl4cAU1uIM6NIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzcm4o26</latexit>

Qh

‘coherence free’

[HS(t), HS(t′)] = 0, ∀t, t′

Graeme Pleasance (SU) Intro to QT 7/2/24 18/20



Quantum thermal machines Quantum Otto cycle

Reciprocating heat engine

Quantum Otto cycle (4-stroke):

ΦOtto = Φtc ◦ Φt2 ◦ Φth ◦ Φt1

Working mediumHS(λt) = λt
2

(σz + 1)

1 1→ 2: Adiabatic compression (λ2 > λ1)

W1 = Tr{[HS(λ2)−HS(λ1)]πβcS }

2 2→ 3: Hot isochore

Qh = Tr{HS(λ2)[π
βh
S − π

βc
S ]}

3 3→ 4: Adiabatic expansion (λ1 < λ2)

W2 = Tr{[HS(λ1)−HS(λ2)]π
βh
S }

4 4→ 1: Cold isochore

Qc = Tr{HS(λ1)[πβcS − π
βh
S ]}

<latexit sha1_base64="ktpXCs2NYujaN4GJiWwfed31C/I=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyURX8uimy4r2gc0oUymk3boZBJmboQSCv6KGxeKuPU73Pk3TtsstPXAhTPn3Mvce4JEcA2O820tLa+srq0XNoqbW9s7u/beflPHqaKsQWMRq3ZANBNcsgZwEKydKEaiQLBWMLyd+K1HpjSP5QOMEuZHpC95yCkBI3XtQ08Q2RcM17r3ZTj11PTVtUtOxZkCLxI3JyWUo961v7xeTNOISaCCaN1xnQT8jCjgVLBx0Us1Swgdkj7rGCpJxLSfTdcf4xOj9HAYK1MS8FT9PZGRSOtRFJjOiMBAz3sT8T+vk0J47WdcJikwSWcfhanAEONJFrjHFaMgRoYQqrjZFdMBUYSCSaxoQnDnT14kzbOKe1m5uDsvVW/yOAroCB2jMnLRFaqiGqqjBqIoQ8/oFb1ZT9aL9W59zFqXrHzmAP2B9fkDPUOVCg==</latexit>hHS(t)i

<latexit sha1_base64="XobVOOAd1YKFNfYRdErj0F/PLLs=">AAAB8HicbVDLSgMxFL1TX7W+qi7dDBbBVZkRX8uiG5cV7EPaoWQyaRuaZIbkjlCGfoUbF4q49XPc+Tem7Sy09UDgcM655N4TJoIb9Lxvp7Cyura+UdwsbW3v7O6V9w+aJk41ZQ0ai1i3Q2KY4Io1kKNg7UQzIkPBWuHoduq3npg2PFYPOE5YIMlA8T6nBK302BU2GpEe9soVr+rN4C4TPycVyFHvlb+6UUxTyRRSQYzp+F6CQUY0cirYpNRNDUsIHZEB61iqiGQmyGYLT9wTq0RuP9b2KXRn6u+JjEhjxjK0SUlwaBa9qfif10mxfx1kXCUpMkXnH/VT4WLsTq93I64ZRTG2hFDN7a4uHRJNKNqOSrYEf/HkZdI8q/qX1Yv780rtJq+jCEdwDKfgwxXU4A7q0AAKEp7hFd4c7bw4787HPFpw8plD+APn8wfPm5Bu</latexit>

�t

<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3
<latexit sha1_base64="VFuKpcP2szKC8d4watpjz6oE7OE=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx61j04rGC/YA2lM120q7dbMLuRiihv8CLB8Wrv8mb/8Ztm4O2Phh4vDfDzLwwFVwbz/t2SmvrG5tb5W13Z3dv/6DiHrZ0kimGTZaIRHVCqlFwiU3DjcBOqpDGocB2OL6b+e1nVJon8tFMUgxiOpQ84owaKz1c9CtVr+bNQVaJX5AqFGj0K1+9QcKyGKVhgmrd9b3UBDlVhjOBU7eXaUwpG9Mhdi2VNEYd5PNDp+TUKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6CbIuUwzg5ItFkWZICYhs6/JgCtkRkwsoUxxeythI6ooMzYb14bgL7+8SlrnNf+qdlmt3xZhlOEYTuAMfLiGOtxDA5rAAOEF3uDdeXJenY9FY8kpJo7gD5zPHxfri5g=</latexit>

4

<latexit sha1_base64="QRIjOwWu7S5nPUAjg0aBj+RSIHU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6aPW8XrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndZvbg/r9Ru8jiKcATHcAoeXEEN7qAODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QPcm42J</latexit>

W1

<latexit sha1_base64="rfeYrec7IBPKW+0XoXZLDEOQY/k=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hV3fx6AXjxHNA5IlzE5mkyGzs8tMrxCWfIIXD4p49Yu8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37ziWsjYvWIo4T7Ee0rEQpG0UoPze5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNuEImqTFtz03Qz6hGwSQfFzup4QllQ9rnbUsVjbjxs+mpY3JslR4JY21LIZmqvycyGhkzigLbGVEcmHlvIv7ntVMMr/1MqCRFrthsUZhKgjGZ/E16QnOGcmQJZVrYWwkbUE0Z2nSKNgRv/uVF0jiteJeVi/vzcvUmj6MAh3AEJ+DBFVThDmpQBwZ9eIZXeHOk8+K8Ox+z1iUnnzmAP3A+fwDfo42L</latexit>

W3

<latexit sha1_base64="uihgj+DEOkC9ILBBo2lBhmsjO0k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cEzQOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuTaiFg94CThfkSHSoSCUbTSfaPP+uWKW3XnIH+Jl5MK5Kj3y5+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiUnVhmQMNa2FJK5+nMio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll/+S1pnVe+yetE4r9Ru8jiKcATHcAoeXEEN7qAOTWAwhCd4gVdHOs/Om/O+aC04+cwh/ILz8Q0fTo21</latexit>

Qc

<latexit sha1_base64="JrZs58GyPiAaZ9rt29b9y3nUGyQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cEzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+WDmSToR3QoecgZNVa6b/RH/XLFrbpzkL/Ey0kFctT75c/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TEKgMSxsqWNGSu/pzIaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW375L2mdVb3L6kXjvFK7yeMowhEcwyl4cAU1uIM6NIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzcm4o26</latexit>

Qh

E�ciency

η =
−W1 −W2

Qh
= 1− λ1

λ2
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Summary

Overview

In this lecture we have:

Derived the Markovian master equation for a two-level system.

Developed the 1st and 2nd laws of thermodynamics with the MME framework.

Analyzed a quantum Otto cycle.

Next lecture:

Extensions to strong system-reservoir coupling.
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Thank you
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