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Reservoir
Open quantum systems:

O

Quantum system

O

H=Hs®@HRr

For orthonormal bases {|k)s} and {|u)r }:

D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002




Last week

Reservoir

Open quantum systems:

()
) ( y )
Quantum system

H=Hs@Hr O

For orthonormal bases {|k)s} and {|u)r }:

Reduced density matrix

Defined through partial trace operation B(H) — B(H.s):
ps =Trr(p) = > (ulplp)r

©w

such that
ps =D D > PoaCaiucarnli)(kls =D Ajrli)(kls
a wo g,k 7,k

Tr(p) =1 = Trs(ps) = 1.

Encodes all measurable information about the open system S.
D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002
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Reservoir

Open quantum systems: O
A )
Quantum systeﬁ

O O

H=Hs®@Hr

For orthonormal bases {|k)s} and {|u)r }:

Kraus representation

Time evolution of an open system:
ps(t) = Trr (UDpO)U' (1) = D Ko (H)ps (0) KL (1)
v

where K., (t) = V. (u|U(t)|v) are Kraus operators, and pr = >, A\ |v) (v|r.

D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002
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Reservoir

Open quantum systems: O
A )
Quantum systeﬁ

O O

H=Hs®@Hr

For orthonormal bases {|k)s} and {|u)r }:

Kraus representation

Time evolution of an open system:
ps(t) = Trr (UDpO)U' (1) = D Ko (H)ps (0) KL (1)
8%

where K., (t) = V. (u|U(t)|v) are Kraus operators, and pr = >, A\ |v) (v|r.

@ Separability: p(0) = ps ® pr.
e Trace preservation: -, , K} K = Ls.

D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002
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Time evolution of open systems can be described in terms of a dynamical map
between states:

]@t . S(Hs) —>3('Hs)\ t>0

@ Unitary operator U(t) : [¢(0)) — |¥(t))
@ Dynamical map ®; : p(0) — p(¢)

D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002



Quantum maps  General properties

Open system dynamics

Time evolution of open systems can be described in terms of a dynamical map
between states:

]@t . S(Hs) —>3('Hs)\ t>0

@ Unitary operator U(t) : [¢(0)) — |¥(t))
@ Dynamical map ®; : p(0) — p(¢)

Dynamical map

Required properties of map:
@ Trace preserving: Tr[®(p)] = Tr[p]
@ Hermiticity: ®(p!) = ®(p)*
@ Complete positivity: (@ ®Iﬁf))(p) >0 Vk<d

D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002

Graeme Plea:




Quantum maps  General properties

Open system dynamics

Time evolution of open systems can be described in terms of a dynamical map
between states:

]@t . S(Hs) —>3('Hs)\ t>0

@ Unitary operator U(t) : [¢(0)) — |¥(t))
@ Dynamical map ®; : p(0) — p(¢)

Dynamical map
Required properties of map:
@ Trace preserving: Tr[®(p)] = Tr[p]
@ Hermiticity: ®(p!) = ®(p)*
@ Complete positivity: (@ ®Iﬁf))(p) >0 Vk<d

Positivity correspondsto k =1:  ®(p) >0

D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002

Graeme P



Quantum maps General properties

Open system dynamics

Dynamical map

Required properties of map:
@ Trace preserving: Tr[®(p)] = Tr[p]
@ Hermiticity: ®(p") = ®(p)!
@ Complete positivity: (® ®If4k))(p) >0 Vk<d

.

Kraus theorem (Completely positive trace-preserving maps)

Given a linear completely positive trace-preserving (CPTP) map @, there exists a
set of Kraus operators K, € B(Hs) such that

d2
a=1

where Y KK, = 1s.

S

K. Kraus, vol. 190 of Springer Lecture Notes in Physics. Springer-Verlag, Berlin, 1983




Semigroup

Open system dynamics can in general be described by a family of one-parameter
CPTP maps {®¢]t > 0,P0 = Zs }.

Dynamical semigroup

Definition:
(I)t+5 = (bt [e] ‘bs Vt,s Z 0.

Quantum analogue to Chapman-Kolmogorov equation.

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002




Quantum maps  Dynamical semigroups

Semigroup

Open system dynamics can in general be described by a family of one-parameter
CPTP maps {®¢]t > 0,P0 = Zs }.

Dynamical semigroup

Definition:
(I)t+5 = (I)t [e] ‘bs Vt,s Z 0.

Quantum analogue to Chapman-Kolmogorov equation.

@ Under certain conditions can write
&, = oLt

where £ = lim._,o(®. — Zs)/¢is the corresponding generator of the map.
@ Differential form:

9 ()= (L)) ps(0) = £ps(t)

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002
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Markovian master equation Phenomenological derivation

Semigroup

Most general form of generator £ for quantum dynamical semigroup ®; = e~

GKSL theorem

Markovian master equation:

d?-1

. 1
L(ps) = —i[Ho, ps] + > _ & (VkpsV;f = §{VkTVk,Ps})

k=1
where

@ Rates: v, > 0.
@ Lindblad operators: Vi, € B(Hs).

@ Hamiltonian: Hy = Hg.

(Gorini et al,, J. Math. Phys, 1976; Lindblad, Comm. Math. Phys., 1976)




Semigroup

Most general form of generator £ for quantum dynamical semigroup ®; = e~

GKSL theorem

Markovian master equation:

d?-1

. 1
L(ps) = —i[Ho, ps] + > _ & (VkpsV;f = §{VkTVk,/Js})

k=1
where

@ Rates: v, > 0.
@ Lindblad operators: Vj, € B(Hg).

@ Hamiltonian: Hy = Hg.

G

Example (Two-level system)

For #s = span{|0), |1)}, define o, = |1){(1| — |0)(0|]and o— = cri =10)(1}:

.wWo 1
5Ps = —i Loz ps] +7(0—p50+ = 5{U+0—7ps})

with wo the energy difference between |0) and |1).

M

(Gorini et al,, J. Math. Phys, 1976; Lindblad, Comm. Math. Phys., 1976)
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c derivation

System + reservoir

Total Hamiltonian:

Reservoir

O

Quantum system

O

H=Hs+Hp+a) A,® By
k

where Ay and B, are self-adjoint
operators of the system and reservoir.




Markovian master equation  Microscopic derivation

System + reservoir

Total Hamiltonian:

Reservoir

O

Quantum system

O

H=Hs+Hp+a) A,® By
k

where Ay and B, are self-adjoint
operators of the system and reservoir.

Derive Markovian master equation for ps(t) = Trr(e™*#!ps(0) ® wr(B)e?):
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Markovian master equation  Microscopic derivation

System + reservoir

Total Hamiltonian:

Reservoir

O

Quantum system

O

H=Hs+Hp+a) A,® By
k

where Ay and B, are self-adjoint

operators of the system and reservoir.

Derive Markovian master equation for ps(t) = Trr(e™*#!ps(0) ® wr(B)e?):
@ Weak coupling a <« 1 (Born approximation):

p(t) ~ ps(t) @ 7r(B) |

@ Thermal state of reservoir:

—BHR 1
WR(ﬂ) ¢ 8 =-—, ZR:TI’Re_’BHR

Zr ' ksT

Graeme P



Markovian master equation  Microscopic derivation

System + reservoir

Total Hamiltonian:

Reservoir

O

Quantum system

O

H=Hs+Hp+a) A,® By
k

where Ay and B, are self-adjoint

operators of the system and reservoir.

Derive Markovian master equation for ps(t) = Trr(e™*#!ps(0) ® wr(B)e?):
@ Weak coupling a <« 1 (Born approximation):

p(t) ~ ps(t) @ 7r(B) |

@ Thermal state of reservoir:

—BHR 1
WR(ﬂ) ¢ 8 =-—, ZR:TI’Re_’BHR

Zr ' ksT

@ System + reservoir energy:
Trr[Brmr(B)] =0, Vk = (H(t)) = (Hs(t)) + (Hr)s

Graeme P



Liouville-von Neumann equation (interaction picture):

d = —ia[V 0 o(t) = fiozts~s~s.
7P = —ialV(t),p(t)] = 5(t) = p(0) /Od [V (s),p(s)]

where V(t) = 3, Ax(t) ® Bi(t).

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002



Liouville-von Neumann equation (interaction picture):
d . S = . R A
7P = —ialV(t),p(t)] = p(t) =p(0) - m/o ds [V (s), p(s)]-
where V(t) = 3, Ax(t) ® Bi(t).

Partial trace:

Sost) = —a* [ Cds TRV (0, [V (¢ — s), ps(t — 5) @ mr(8)]

having used Trr[Brmr(3)] = 0, Vk.

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002



Markovian master equation  Microscopic derivation

Markov approximations

Partial trace:
d . 2 [ - - _
st = —a [ asTeaV(0). V(¢ = 5).s(t = ) © mn(3)

having used Trr[Brmr(8)] = 0, Vk.

Markovian master equation (hon-GKSL form)
Let 77 and 7z denote the interaction and reservoir time scales.
If TR < 77, then

b5 =—af 005 Y V(t—s),p ™
sty == [ asTea [V(0,17(0 = 9. 55() © ma(B)].

Markov approximations:

(<] fot ds — [, ds: fast decaying integrand.

@ 5s(s) — ps(t): memoryless.

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002




Substitute in

V(t)=> e “Ax(w) @ Bu(t) = Y e Al (w) ® Bx(t)

k k
to obtain
d . !
P =0 373 e Wiy (w) [Ai@)ps®AL (@) = ALW) Aw)ps(8)] +he.
w,w’ k,l
where

@ Eigenoperators [Hg, Ak (w)] = —wAk(w):
Ag(t) = ZAk(w)efm

@ Correlation functions Cy;(t) = (Bx(t)Bi)s:

'ykl(w) = QRG/ dt Ckl(t)eth
0

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002



Substitute in

V(t)=> e “Ax(w) @ Bu(t) = Y e Al (w) ® Bx(t)

k k
to obtain
d . !
P =0 373 e Wiy (w) [Ai@)ps®AL (@) = ALW) Aw)ps(8)] +he.
w,w’ k,l
where

@ Eigenoperators [Hg, Ak (w)] = —wAk(w):

Ag(t) = Z Ap(w)e™ ™

@ Correlation functions Cy;(t) = (Bx(t)Bi)s:
'ykl(w) = QRG/ dt Ckl(t)eth
0

Neglected Lamb shift term Sii(w) = Im [ dt Cri(t)e™" ~ 0.

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002



ation

hs(t) =a? 30 3 Wty () [Aw)ps (AL ) — AL Ai@)ps (8)] + hec.

w,w’ k,l
neglect off-diagonal terms w # w’:

Markovian master equation (GKSL form)

Let ¢ denote the system time scale. If ¢ < 77, then

2 p5(t) = ~ilHs, ps] + 0> 30 3" () [Ar@ps AL () - S {AL@ A ()]
w kK,

where vy(w) > 0.

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002




Markovian master equation  Microscopic derivation

Secular approximation

hs(t) =a? 30 3 Wty () [Aw)ps (AL ) — AL Ai@)ps (8)] + hec.

w,w’ k,l

neglect off-diagonal terms w # w’:

i

arkovian master equation (GKSL form)

Let ¢ denote the system time scale. If ¢ < 77, then

L ps(t) = ~ilts, ps] +a? 3 3 1wl [Ar()ps ALw) — S {AL@)Aiw)}]
w Kk,

where vy(w) > 0.

Summary of approximations:
@ Born (weak coupling): p(t) = ps(t) @ mr(S)
@ Markov (system-reservoir time scales): 7r < 71
@ Secular (system time scales): 7s < 71

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002




Markovian master equation Microscopic derivation

Steady state

Markovian master equation (GKSL form)

4 ps(t) = ~ilHs, ps] + 02 32 3" (@) [A@ps AL (@) — L{AL@A)}]
w  k,l

Kubo-Martin-Schwinger (KMS) condition:
(Bi(=t)Bi)s = (BiBw(t — if))s

— L(r5) = 0, where
e~ BHs

5 7o

ZS = Trs 67[3HS

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002
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Markovian master equation Microscopic derivation

Steady state

Markovian master equation (GKSL form)

4 ps(t) = ~ilHs, ps] + 02 32 3" (@) [A@ps AL (@) — L{AL@A)}]
w  k,l

Kubo-Martin-Schwinger (KMS) condition:
(Bi(=t)Bi)s = (BiBw(t — if))s
— L(r5) = 0, where

—BH
e~ BHs

Zs '’

Wg = Jsg = TrseiﬁHS

is a unique stationary state of the map @, i.e. ps(t) — 75 as t — oo.

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002

Graeme Pleasance (SU.




1st and 2nd laws of thermodynamics

1st law

System & thermal reservoir: H(A¢) = Hs(\¢) + HrR +V
@ Internal energy U (t) = Tr[H (\)p(t)]
@ Von Neumann equation p(t) = —i[H (), p(t)]

(Vinjanampathy & Anders, CP 2016)

t .
AU = /0 dsTr[Hg(As)ps(s)| =W

@ Weak coupling: Tr[H (A\¢)p(t)] = Tr[Hs (\t)ps(t)] + Tr[Hrpr ()]

= ’ Us(t) = Tr[Hg(At)ps (¢)] ‘

@ Heat: Q = [I dsTr[Hs(Xs)ps(s)]

Graeme P



1st and 2nd laws of thermodynamics

1st law

System & thermal reservoir: H(A¢) = Hs(\¢) + HrR +V
@ Internal energy U (t) = Tr[H (\)p(t)]
@ Von Neumann equation p(t) = —i[H (), p(t)]

(Vinjanampathy & Anders, CP 2016)

t .
AU = /0 dsTr[Hg(As)ps(s)| =W

@ Weak coupling: Tr[H (A\¢)p(t)] = Tr[Hs (\t)ps(t)] + Tr[Hrpr ()]

= ’ Us(t) = Tr[Hg(At)ps (¢)] ‘

@ Heat: Q = [I dsTr[Hs(Xs)ps(s)]

ps(t), Hs(t)

Graeme P



1st and 2nd laws of thermodynamics

2nd law

System & thermal reservoir: H(A¢) = Hs(\¢) + HrR +V
@ Internal energy U(t) = Tr[H (A)p(t)]
@ Von Neumann equation p(t) = —i[H (), p(t)]

os >0 (Vinjanampathy & Anders, CP 2016)

o= s Tr{Hs (A)ps(s)] = / * ds Tr{Hs () £(p5)]

@ Monotonicity of relative entropy: S(ps||ﬂ‘g) =Tr[ps(Inps —In 71’2)] =0
S(@p1||®p2) < S(p1llp2)

d
L(r) =0=| o5 =~ S(ps|lrg) 2 0




1st and 2nd laws of thermodynamics

2nd law

System & thermal reservoir: H(A¢) = Hs(\¢) + HrR +V
@ Internal energy U(t) = Tr[H (A)p(t)]
@ Von Neumann equation p(t) = —i[H (), p(t)]

os >0 (Vinjanampathy & Anders, CP 2016)

o= s Tr{Hs (A)ps(s)] = / * ds Tr{Hs () £(p5)]

@ Monotonicity of relative entropy: S(ps||ﬂ‘g) =Tr[ps(Inps —In 71’2)] =0
S(@p1||®p2) < S(p1llp2)

d
L(r) =0=| o5 =~ S(ps|lrg) 2 0

@ Spohn's inequality: —Tr[L(ps)(In ps(t) — In wg)] >0

os = %S(Ps) - BQ >0

where S(ps) = —Tr[ps In ps] is the von Neumann entropy.




Summary

Overview

In this lecture we have:

@ Formalized open system dynamics in terms of CPTP maps.

@ For CPTP maps obeying the semigroup property, introduced the Markovian
master equation (GKSL form).

@ Outlined the microscopic derivation of Markovian master equations.
@ Derived 1st and 2nd laws within the framework of Markovian master equations.

Next lecture:
@ Applications to thermal machines (quantum Otto cycle).

Graeme Pleasance (SU.



Thank you

i

quantum.sun.ac.za



	Recap
	Quantum maps
	General properties
	Dynamical semigroups

	Markovian master equation
	Phenomenological derivation
	Microscopic derivation

	1st and 2nd laws of thermodynamics
	Summary

