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Recap

Last week

Open quantum systems:

H = HS ⊗HR

For orthonormal bases {|k〉S} and {|µ〉R}:

<latexit sha1_base64="EcFZlpp4GIgsK3H2Pv7TatB6K9o=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPUY9OIxARMDSQizk04yZGZ2mekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13VxhLYdH3v73Myura+kZ2M7e1vbO7l98/qNsoMRxqPJKRaYTMghQaaihQQiM2wFQo4T4c3kz8+wcwVkT6DkcxtBXra9ETnKGTOvmjFsIjptWEaUwUtSOLoMadfMEv+lPQZRLMSYHMUenkv1rdiCcKNHLJrG0GfoztlBkUXMI410osxIwPWR+ajmqmwLbT6fljeuqULu1FxpVGOlV/T6RMWTtSoetUDAd20ZuI/3nNBHtX7VToOEHQfLaol0iKEZ1kQbvCAEc5coRxI9ytlA+YYRxdYjkXQrD48jKpnxeDi2KpWiqUr+dxZMkxOSFnJCCXpExuSYXUCCcpeSav5M178l68d+9j1prx5jOH5A+8zx83+JZP</latexit>

Quantum system

<latexit sha1_base64="Rl3wqUEGH8ka/x7NUzre2wr8uzA=">AAAB+HicjVDJSgNBFOyJW4xLRj16aQyCpzARt2PQi8coZoFkCD2dN0mTXobunkAc8iVePCji1U/x5t/YWQ4qChY8KKre4xUVJZwZGwQfXm5peWV1Lb9e2Njc2i76O7sNo1JNoU4VV7oVEQOcSahbZjm0Eg1ERBya0fBq6jdHoA1T8s6OEwgF6UsWM0qsk7p+MetogW/BgB4ppiddv1QpBzPgv0kJLVDr+u+dnqKpAGkpJ8a0K0Fiw4xoyyiHSaGTGkgIHZI+tB2VRIAJs1nwCT50Sg/HSruRFs/UrxcZEcaMReQ2BbED89Obir957dTGF2HGZJJakHT+KE45tgpPW8A9poFaPnaEUM1cVkwHRBNqXVeF/5XQOC5XzsqnNyel6uWijjzaRwfoCFXQOaqia1RDdURRih7QE3r27r1H78V7na/mvMXNHvoG7+0TFMKTYg==</latexit>

Reservoir

Reduced density matrix

De�ned through partial trace operation B(H)→ B(HS):

ρS = TrR(ρ) ≡
∑
µ

〈µ|ρ|µ〉R

such that

ρS =
∑
a

∑
µ

∑
j,k

pψaca,jµc
∗
a,kµ|j〉〈k|S =

∑
j,k

λ̄jk|j〉〈k|S

Tr(ρ) = 1 =⇒ TrS(ρS) = 1.

Encodes all measurable information about the open system S.

D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002
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Reservoir

Kraus representation

Time evolution of an open system:

ρS(t) = TrR
(
U(t)ρ(0)U†(t)

)
=
∑
µ,ν

Kµν(t)ρS(0)K†µν(t)

whereKµν(t) =
√
λν〈µ|U(t)|ν〉 are Kraus operators, and ρR =

∑
ν λν |ν〉〈ν|R.

Separability: ρ(0) = ρS ⊗ ρR.
Trace preservation:

∑
µ,ν K

†
µνKµν = 1S .

D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002
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Recap

Contents – lecture 2
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Quantum maps General properties

Open system dynamics

Time evolution of open systems can be described in terms of a dynamical map
between states:

Φt : S(HS)→ S(HS) t ≥ 0

Unitary operator U(t) : |ψ(0)〉 → |ψ(t)〉
Dynamical map Φt : ρ(0)→ ρ(t)

Dynamical map

Required properties of map:

Trace preserving: Tr[Φ(ρ)] = Tr[ρ]

Hermiticity: Φ(ρ†) = Φ(ρ)†

Complete positivity:
(
Φ⊗ I(k)A

)
(ρ) ≥ 0 ∀k ≤ d

Positivity corresponds to k = 1: Φ(ρ) ≥ 0

D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002
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Quantum maps General properties

Open system dynamics

Dynamical map

Required properties of map:
1 Trace preserving: Tr[Φ(ρ)] = Tr[ρ]

2 Hermiticity: Φ(ρ†) = Φ(ρ)†

3 Complete positivity:
(
Φ⊗ I(k)A

)
(ρ) ≥ 0 ∀k ≤ d

Kraus theorem (Completely positive trace-preserving maps)

Given a linear completely positive trace-preserving (CPTP) map Φ, there exists a
set of Kraus operatorsKα ∈ B(HS) such that

Φ(ρ) =

d2∑
α=1

KαρK
†
α,

where
∑
αK

†
αKα = 1S .

K. Kraus, vol. 190 of Springer Lecture Notes in Physics. Springer-Verlag, Berlin, 1983

Graeme Pleasance (SU) Intro to QT 7/2/24 7/ 19



Quantum maps Dynamical semigroups

Semigroup

Open system dynamics can in general be described by a family of one-parameter
CPTP maps {Φt|t ≥ 0,Φ0 = IS}.

Dynamical semigroup

De�nition:

Φt+s = Φt ◦ Φs ∀t, s ≥ 0.

Quantum analogue to Chapman-Kolmogorov equation.

Under certain conditions can write

Φt = eLt

where L = limε→0(Φε − IS)/ε is the corresponding generator of the map.

Di�erential form:

d

dt
ρS(t) =

( d
dt

Φt
)
ρS(0) = LρS(t)

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002
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Markovian master equation Phenomenological derivation

Semigroup

Most general form of generator L for quantum dynamical semigroup Φt = eLt:

GKSL theorem

Markovian master equation:

L(ρS) = −i[H0, ρS ] +

d2−1∑
k=1

γk
(
VkρSV

†
k −

1

2
{V †k Vk, ρS}

)
where

Rates: γk ≥ 0.

Lindblad operators: Vk ∈ B(HS).

Hamiltonian: H0 = H†0 .

Example (Two-level system)

ForHS = span{|0〉, |1〉}, de�ne σz = |1〉〈1| − |0〉〈0| and σ− = σ†+ = |0〉〈1|:

d

dt
ρS = −i

ω0

2
[σz , ρS ] + γ

(
σ−ρSσ+ −

1

2
{σ+σ−, ρS}

)
with ω0 the energy di�erence between |0〉 and |1〉.

(Gorini et al., J. Math. Phys, 1976; Lindblad, Comm. Math. Phys., 1976)
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Markovian master equation Microscopic derivation

System + reservoir

Total Hamiltonian:

H = HS +HR + α
∑
k

Ak ⊗Bk

where Ak and Bk are self-adjoint
operators of the system and reservoir.

<latexit sha1_base64="EcFZlpp4GIgsK3H2Pv7TatB6K9o=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPUY9OIxARMDSQizk04yZGZ2mekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13VxhLYdH3v73Myura+kZ2M7e1vbO7l98/qNsoMRxqPJKRaYTMghQaaihQQiM2wFQo4T4c3kz8+wcwVkT6DkcxtBXra9ETnKGTOvmjFsIjptWEaUwUtSOLoMadfMEv+lPQZRLMSYHMUenkv1rdiCcKNHLJrG0GfoztlBkUXMI410osxIwPWR+ajmqmwLbT6fljeuqULu1FxpVGOlV/T6RMWTtSoetUDAd20ZuI/3nNBHtX7VToOEHQfLaol0iKEZ1kQbvCAEc5coRxI9ytlA+YYRxdYjkXQrD48jKpnxeDi2KpWiqUr+dxZMkxOSFnJCCXpExuSYXUCCcpeSav5M178l68d+9j1prx5jOH5A+8zx83+JZP</latexit>

Quantum system

<latexit sha1_base64="Rl3wqUEGH8ka/x7NUzre2wr8uzA=">AAAB+HicjVDJSgNBFOyJW4xLRj16aQyCpzARt2PQi8coZoFkCD2dN0mTXobunkAc8iVePCji1U/x5t/YWQ4qChY8KKre4xUVJZwZGwQfXm5peWV1Lb9e2Njc2i76O7sNo1JNoU4VV7oVEQOcSahbZjm0Eg1ERBya0fBq6jdHoA1T8s6OEwgF6UsWM0qsk7p+MetogW/BgB4ppiddv1QpBzPgv0kJLVDr+u+dnqKpAGkpJ8a0K0Fiw4xoyyiHSaGTGkgIHZI+tB2VRIAJs1nwCT50Sg/HSruRFs/UrxcZEcaMReQ2BbED89Obir957dTGF2HGZJJakHT+KE45tgpPW8A9poFaPnaEUM1cVkwHRBNqXVeF/5XQOC5XzsqnNyel6uWijjzaRwfoCFXQOaqia1RDdURRih7QE3r27r1H78V7na/mvMXNHvoG7+0TFMKTYg==</latexit>

Reservoir

Derive Markovian master equation for ρS(t) = TrR(e−iHtρS(0)⊗ πR(β)eiHt):

Weak coupling α� 1 (Born approximation):

ρ(t) ≈ ρS(t)⊗ πR(β)

Thermal state of reservoir:

πR(β) ≡ e−βHR

ZR
, β =

1

kBT
, ZR = TrR e

−βHR

System + reservoir energy:

TrR[BkπR(β)] = 0, ∀k =⇒ 〈H(t)〉 ≈ 〈HS(t)〉+ 〈HR〉β
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Reservoir

Derive Markovian master equation for ρS(t) = TrR(e−iHtρS(0)⊗ πR(β)eiHt):

Weak coupling α� 1 (Born approximation):

ρ(t) ≈ ρS(t)⊗ πR(β)

Thermal state of reservoir:

πR(β) ≡ e−βHR

ZR
, β =

1

kBT
, ZR = TrR e

−βHR

System + reservoir energy:

TrR[BkπR(β)] = 0, ∀k =⇒ 〈H(t)〉 ≈ 〈HS(t)〉+ 〈HR〉β
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Markovian master equation Microscopic derivation

System + reservoir

Liouville-von Neumann equation (interaction picture):

d

dt
ρ̃(t) = −iα[Ṽ (t), ρ̃(t)] =⇒ ρ̃(t) = ρ(0)− iα

∫ t

0

ds [Ṽ (s), ρ̃(s)].

where Ṽ (t) =
∑
k Ãk(t)⊗ B̃k(t).

Partial trace:

d

dt
ρ̃S(t) = −α2

∫ t

0

dsTrR
[
Ṽ (t), [Ṽ (t− s), ρ̃S(t− s)⊗ πR(β)]

having used TrR[BkπR(β)] = 0, ∀k.

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002
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Markovian master equation Microscopic derivation

Markov approximations

Partial trace:

d

dt
ρ̃S(t) = −α2

∫ t

0

dsTrR
[
Ṽ (t), [Ṽ (t− s), ρ̃S(t− s)⊗ πR(β)]

having used TrR[BkπR(β)] = 0, ∀k.

Markovian master equation (non-GKSL form)

Let τI and τR denote the interaction and reservoir time scales.

If τR � τI , then

d

dt
ρ̃S(t) = −α2

∫ ∞
0

dsTrR
[
Ṽ (t), [Ṽ (t− s), ρ̃S(t)⊗ πR(β)].

Markov approximations:

1
∫ t
0
ds→

∫∞
0
ds: fast decaying integrand.

2 ρ̃S(s)→ ρ̃S(t): memoryless.

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002
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Markovian master equation Microscopic derivation

Markov approximations

Substitute in

Ṽ (t) =
∑
k

e−iωtAk(ω)⊗ B̃k(t) =
∑
k

eiωtA†k(ω)⊗ B̃k(t)

to obtain

d

dt
ρ̃S(t) = α2

∑
ω,ω′

∑
k,l

ei(ω
′−ω)tγkl(ω)

[
Al(ω)ρ̃S(t)A†k(ω′)−A†k(ω′)Al(ω)ρ̃S(t)

]
+ h.c.

where

Eigenoperators [HS , Ak(ω)] = −ωAk(ω):

Ãk(t) =
∑
ω

Ak(ω)e−iωt

Correlation functions Ckl(t) = 〈B̃k(t)Bl〉β :

γkl(ω) = 2Re
∫ ∞
0

dtCkl(t)e
iωt

Neglected Lamb shift term Skl(ω) = Im
∫∞
0
dtCkl(t)e

iωt ≈ 0.

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002
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Markovian master equation Microscopic derivation

Secular approximation

From
d

dt
ρ̃S(t) = α2

∑
ω,ω′

∑
k,l

ei(ω
′−ω)tγkl(ω)

[
Al(ω)ρ̃S(t)A†k(ω′)−A†k(ω′)Al(ω)ρ̃S(t)

]
+ h.c.

neglect o�-diagonal terms ω 6= ω′:

Markovian master equation (GKSL form)

Let τS denote the system time scale. If τS � τI , then

d

dt
ρS(t) = −i[HS , ρS ] + α2

∑
ω

∑
k,l

γkl(ω)
[
Al(ω)ρSA

†
k(ω)−

1

2
{A†k(ω)Al(ω)}

]
where γ(ω) ≥ 0.

Summary of approximations:

Born (weak coupling): ρ(t) ≈ ρS(t)⊗ πR(β)

Markov (system-reservoir time scales): τR � τI

Secular (system time scales): τS � τI

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002
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Markovian master equation Microscopic derivation

Steady state

Markovian master equation (GKSL form)

d

dt
ρS(t) = −i[HS , ρS ] + α2

∑
ω

∑
k,l

γkl(ω)
[
Al(ω)ρSA

†
k(ω)−

1

2
{A†k(ω)Al(ω)}

]

Kubo-Martin-Schwinger (KMS) condition:

〈B̃k(−t)Bl〉β = 〈BlB̃k(t− iβ)〉β

=⇒ L(πβS) = 0, where

πβS =
e−βHS

ZS
, ZS = TrSe

−βHS

is a unique stationary state of the map Φt, i.e. ρS(t)→ πβS as t→∞.

H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002
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1st and 2nd laws of thermodynamics

1st law

System & thermal reservoir: H(λt) = HS(λt) +HR + V

Internal energy U(t) = Tr[H(λt)ρ(t)]

Von Neumann equation ρ̇(t) = −i[H(λt), ρ(t)]

∆U = W +Q (Vinjanampathy & Anders, CP 2016)

∆U =

∫ t

0
dsTr[ḢS(λs)ρS(s)] ≡W

Weak coupling: Tr[H(λt)ρ(t)] ≈ Tr[HS(λt)ρS(t)] + Tr[HRρR(t)]

⇒ US(t) ≈ Tr[HS(λt)ρS(t)]

Heat: Q =
∫ t
0 dsTr[HS(λs)ρ̇S(s)]

<latexit sha1_base64="HaKXk1jWzqWhp2fKnoMRJzXdk/0=">AAAB+nicbVDLSgMxFM34rPU11aWbYBEqSJkRX8uimy4r2ge0w5BJM21oJhmSjFLGfoobF4q49Uvc+Tem01lo64HLPZxzL7k5Qcyo0o7zbS0tr6yurRc2iptb2zu7dmmvpUQiMWliwYTsBEgRRjlpaqoZ6cSSoChgpB2MbqZ++4FIRQW/1+OYeBEacBpSjLSRfLvUk0Ph31X08QmsZ923y07VyQAXiZuTMsjR8O2vXl/gJCJcY4aU6rpOrL0USU0xI5NiL1EkRniEBqRrKEcRUV6anT6BR0bpw1BIU1zDTP29kaJIqXEUmMkI6aGa96bif1430eGVl1IeJ5pwPHsoTBjUAk5zgH0qCdZsbAjCkppbIR4iibA2aRVNCO78lxdJ67TqXlTPb8/Ktes8jgI4AIegAlxwCWqgDhqgCTB4BM/gFbxZT9aL9W59zEaXrHxnH/yB9fkD97WShg==</latexit>

⇢S(t), HS(t)

<latexit sha1_base64="YLPFCPX2552lkgC8D3uLEmvkLhM=">AAAB+nicbVDLSgMxFM34rPU11aWbYBEqSJkRX8uimy4r2ge0w5BJM21oJhmSjFLGfoobF4q49Uvc+Tem01lo64HLPZxzL7k5Qcyo0o7zbS0tr6yurRc2iptb2zu7dmmvpUQiMWliwYTsBEgRRjlpaqoZ6cSSoChgpB2MbqZ++4FIRQW/1+OYeBEacBpSjLSRfLvUk0Ph31Wc4xNYz7pvl52qkwEuEjcnZZCj4dtfvb7ASUS4xgwp1XWdWHspkppiRibFXqJIjPAIDUjXUI4iorw0O30Cj4zSh6GQpriGmfp7I0WRUuMoMJMR0kM1703F/7xuosMrL6U8TjThePZQmDCoBZzmAPtUEqzZ2BCEJTW3QjxEEmFt0iqaENz5Ly+S1mnVvaie356Va9d5HAVwAA5BBbjgEtRAHTRAE2DwCJ7BK3iznqwX6936mI0uWfnOPvgD6/MHJu2R/g==</latexit>

⇢S(0), HS(0)
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1st and 2nd laws of thermodynamics

2nd law

System & thermal reservoir: H(λt) = HS(λt) +HR + V

Internal energy U(t) = Tr[H(λt)ρ(t)]

Von Neumann equation ρ̇(t) = −i[H(λt), ρ(t)]

σS ≥ 0 (Vinjanampathy & Anders, CP 2016)

Q =

∫ t

0
dsTr[HS(λs)ρ̇S(s)] =

∫ t

0
dsTr[HS(λs)L(ρS)]

Monotonicity of relative entropy: S(ρS ||πβS) = Tr[ρS(ln ρS − lnπβS)] ≥ 0

S(Φρ1||Φρ2) ≤ S(ρ1||ρ2)

L(πβS) = 0⇒ σS ≡ −
d

dt
S(ρS ||πβS) ≥ 0

Spohn’s inequality: −Tr[L(ρS)(ln ρS(t)− lnπβS)] ≥ 0

σS =
d

dt
S(ρS)− βQ̇ ≥ 0

where S(ρS) = −Tr[ρS ln ρS ] is the von Neumann entropy.
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Internal energy U(t) = Tr[H(λt)ρ(t)]

Von Neumann equation ρ̇(t) = −i[H(λt), ρ(t)]

σS ≥ 0 (Vinjanampathy & Anders, CP 2016)

Q =

∫ t

0
dsTr[HS(λs)ρ̇S(s)] =

∫ t

0
dsTr[HS(λs)L(ρS)]

Monotonicity of relative entropy: S(ρS ||πβS) = Tr[ρS(ln ρS − lnπβS)] ≥ 0

S(Φρ1||Φρ2) ≤ S(ρ1||ρ2)

L(πβS) = 0⇒ σS ≡ −
d

dt
S(ρS ||πβS) ≥ 0

Spohn’s inequality: −Tr[L(ρS)(ln ρS(t)− lnπβS)] ≥ 0

σS =
d

dt
S(ρS)− βQ̇ ≥ 0

where S(ρS) = −Tr[ρS ln ρS ] is the von Neumann entropy.
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Summary

Overview

In this lecture we have:

Formalized open system dynamics in terms of CPTP maps.

For CPTP maps obeying the semigroup property, introduced the Markovian
master equation (GKSL form).

Outlined the microscopic derivation of Markovian master equations.

Derived 1st and 2nd laws within the framework of Markovian master equations.

Next lecture:

Applications to thermal machines (quantum Otto cycle).
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Thank you
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