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Lecture 1l Feb 7: Background - foundational quantum mechanics, open
quantum systems, equilibrium descriptions.

Lecture 2 Feb 14: Markovian master equations - microscopic derivation, 1st
and 2nd laws of thermodynamics.

Lecture 3 Feb 21. Quantum thermal machines - discrete heat engines and
refrigerators, quantum Otto cycle.

Lecture 4 Feb 28: Strong system-reservoir coupling — mean force Gibbs state,
nonequilibrium descriptions.




Macroscopic thermodynamics: phenomenological theory describing the average
behavior of heat, work and entropy.

Quantum thermodynamics: extends ‘classical’ concepts of heat and work into the
microscopic domain.
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Macroscopic thermodynamics: phenomenological theory describing the average
behavior of heat, work and entropy.

Quantum thermodynamics: extends ‘classical’ concepts of heat and work into the

microscopic domain.

@ Thermal machines.
@ Thermalization.
@ Stochastic thermodynamics (fluctuations).

Useful literature:

3. S. Vinjanampathy. & J. Anders, Quantum
Themmdfnamics thermodynamics, Contemp.
h"emfng“a"t”"‘ Phys, 57, 545, (2016)

Foig b et 4. P. Potts, Introduction to Quantum Thermodynamics,

arXiv:1906.07439 (2019)




Technological applications:
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o Motivation

. Isolated quantum systems
@ Time evolution
@ Spectral theorem
@ Density matrix

. Open quantum systems
@ Reduced density matrix
@ Quantum maps (Kraus representation)

. Equilibrium descriptions

. Summary




Preliminaries

Quantum states

State 1 of a Isolated quantum system represented by |v) € H
Co
H={ly)=] ! |leeC}

Cd—1
Inner (scalar) product of ¢, € H.:

(ply) = Zbkck? (@] = (b5, ,bia—1),

with (¢| € H*.

D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quaatum.systems: 2002




Preliminaries

Quantum states

State ¢ of a Isolated quantum system represented by |¢) € H
Co
H={lp)=| : |laec)
Cd—1
Inner (scalar) product of ¢, € H.

(Ble) = Zbkck? (@] = (b3, -+ ,ba-1),

with (¢| € H*.

Normalization of states:

P o= @ly) =1 = [) ~e“Y)
Orthonormal basis {|k)}¢_! on H = C*

/
Ik = 0k = |9) =D cxlk)
k
D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quaatum.systems:2002




Preliminaries

Schrodinger equation

Time evolution is governed by the unitary operator U(t) : H — H:

L) = —LHpw) = o) =UORO),  t>0

where H = H' is the Hamiltonian of the system.

D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002




Preliminaries

Schrodinger equation

Time evolution is governed by the unitary operator U(t) : H — H:

Shu() = T HRE) = W@ =UORO), >0,

where H = H' is the Hamiltonian of the system.

Unitary property UT(t)U(t) = U(t)UT(t) = 1.
@ Conservation of probability ||U(¢t)y||* = ||¢||>.

@ Spectral theorem implies U(t) = e~ "t/ (next slide).

D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002



Preliminaries

Spectral Theorem

Any normal operator A : H — H satisfying ATA = AAT is diagonal with respect to
some orthonormal basis {|a)}:

A= Z ala){a|] ==  Ala) = ala),

aco(a)

where o(a) is the finite set of eigenvalues of A.

D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002




Preliminaries

spectral Theorem

Any normal operator A : H — H satisfying ATA = AAT is diagonal with respect to
some orthonormal basis {|a)}:

A= ) ala)a] = Ala)=a|a),

aco(a)

where o(a) is the finite set of eigenvalues of A.

@ Observables are represented by self-adjoint operators A = AT, a € R.
@ Hamiltonian H = ), Ex|k)(k|, with E, the corresponding energies.

D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002




AT EES

Spectral Theorem

Any normal operator A : H — H satisfying ATA = AAT is diagonal with respect to
some orthonormal basis {|a) }:

A= Z ala)(a|] ==  Ala)=ala),

aco(a)

where o(a) is the finite set of eigenvalues of A.

@ Observables are represented by self-adjoint operators A = A', a € R.
@ Hamiltonian H = 3, Ei|k) (k| with E} the corresponding energies.

If f:C — Cisan analytic function:

f(A) =D f@la)a] = U@E) = e """ k)

k

D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002




Projective measurements: For observable A = )" ala)(al|. probability of
measuring a is p. = |{a|y)|>.

Expectation value (A):

(A) = apa =Y _alalp)(ih|a) = Tr(A[p)(¢])
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Expectation value (A):
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Preliminaries

Projective measurements: For observable A = ) ala)(a|, probability of
measuring a is p. = |(a|y)|?.

Expectation value (A):

(A) = apa = Y alalt)(la) = Tr(Aly)(¥))

Density matrix p

Pure state ensemble {py,, [¢;)}.

(A)y=>" Z apaPy; = T"(Azpwj |13 (i),

where p =3 py; [4;)(¥;] is the density matrix.

Properties:
@ Unit trace: Tr(p) = 1.
@ Hermitian: p = p'.
@ Positive: (p|p|p) > 0, V¢ e H.



Dynamics

Liouville-von Neumann equation

Time evolution (Schrédinger equation):

—p(t) = —i[H(t),p(t)] <= p(t)=U@®)pU'(t), >0,

where U(t) = Te *Jo 4 H () for time dependent H (¢).

D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002



Dynamics

Liouville-von Neumann equation

Time evolution (Schrédinger equation):
p(t —i[H(t),p(t)] <= pt)=U@®)pU'(t), t=>0,

where U(t) = Te 4o 4 H () for time dependent H (t).

Derivation:
Do) = (§U<t)) pUT(8) + U (1) (%U* (t))

— —%H(t)p(t) + %p(t)H(t)
- —E[H(t),p(t)]

D. Lidar, arXiv:1902.00967, H.-P Breuer, F. Petruccione, The theory of open quantum systems, 2002



Open setting

Open system S and reservoir R:

Reservoir

O

Quantum system

O




Open setting

Open system S and reservoir R:

Reservoir

H=Hs @®HR

Gl
For orthonormal bases {|k)s} and {|x) r }: Q““S“m 8“31”

1Y) = ch,ﬂk‘}b@m)m H = span{|k)s®|u)r}
k,p

Density matrix:

p = Sjyj yjp%i?a.,jgﬂz,kuﬁ)(MS@W}(HR

a gk v




Open setting

Open system S and reservoir R:

_ Reservoir
H=Hs®®Hr ‘ '
e ©O'%s

\_J/

Quantum system

For orthonormal bases {|k)s} and {|x)r}: e

) = ckulk)s®|pyr,  H =span{|k)s®|u)r}

k,p

Density matrix:

=335 PuaCanuchpwli) (kls @l vln

a j.k p.v

Reduced density matrix

Expectation value:

(As @ 1r) = Trs[(As ® 1r)Trr(p)] = Tr(Asps),

where ps = Trr(p) = > (1|p|p) r is the reduced system density matrix.




Time evolution of open system S

ps(t) = Trr (U(1)p(0)U (1))




Time evolution of open system S:
ps(t) = Tre (UMp(0)U' (1))
Separable p = ps ® pr:
ps(t) = Z(MU )ps @Z)\ W) (WU (t)| )

= Z \/_ _.u,lU t)‘b’ _.OS\/_ i‘f“|DTJr |)'.L ZK,LLV ..OS ( )




Open setting

Time evolution of open system S:

ps(t) = Trr (U®)p(O)U (1))
Separable p = ps ® pr:

ps(t) = Z(MU )ps ®Z/\ W) (U (t)|p)
= Z \/_ (u|U(t) |U>pg\/_ L"UT t)|u) = Zva(t ps(0 ( )

Kraus representation
The time evolution of an open quantum system under the separability condition
can be described by a quantum map @, : S(Hs) — S(Hs) in Kraus form:

ps(t) = @ups(0) = > Ka(t)ps(0)KL(t)

where Y Kl Ko = 1s.

K. Kraus, vol. 190 of Springer Lecture Notes in Physics. Springer-Verlag, Berlin, 1983




Von Neumann entropy of state p:

S(p) = —ksTr(plnp) = =k > Aalnda >0

from the spectral decomposition p = > Aa|a)(al.




Equilibrium quantities

Von Neumann entropy of state p:
S(p) = —kpTr(plnp) = —kp » Aalnd, >0

from the spectral decomposition p = ) A.|a){al.

Gibbs state

Maximization of entropy:

S(p) = —kpTr(plnp) < —kpTr(plnpg) =S¢ = S(p) < S(pc)
where
—8BH
© B=——, Z—TreBH
A kgT

Gibbs state equivalent to canonical ensemble.

PG =

Relative entropy:

S(plle) =Tr(plnp) — Tr(plno) > 0




In this lecture we have:

@ Introduced quantum thermodynamics as an extension of macroscopic
thermodynamics to the microscopic domain.

@ Reviewed concepts of quantum probability and statistics.

@ Formulated the time evolution of open quantum systems in terms of quantum
maps.

@ Reviewed equilbrium concepts.

Next lecture:
@ Markovian master equations.

@ 1st and 2nd laws of thermodynamics.




Thank you
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