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Outline of the 4 lectures

1.  Basic principles of electronic spectroscopy

2. Coupled molecular dipoles: Molecular excitons & Förster interactions

3.   

4. 
• Linear & nonlinear spectroscopy
• EET in the strong-coupling limit

Dr. Towan Nöthling 



Outline of this lecture

1. Intermolecular interactions

2. The excitonically coupled dimer

3. H- and J-aggregates

4. Förster resonance energy transfer (FRET)



Consider a molecule’s electron cloud with a continuous volume 

charge density 𝜌 Ԧ𝑟′ , generating an electrostatic scalar potential 

at Ԧ𝑟: 

Multipole moments of a charge distribution

We can thus expand 𝜑(Ԧ𝑟) into multipole moments: 

The corresponding electric field is 𝐸 = −∇𝜑(Ԧ𝑟)

Intermolecular interactions
𝜑1( Ԧ𝑟) 



Now place molecule 2 with charge density 𝜌2 Ԧ𝑟  at Ԧ𝑟. 

Since molecule 1 generates an electrostatic scalar potential 𝜑1( Ԧ𝑟) at this position, 𝜑1( Ԧ𝑟) and 𝜌2 Ԧ𝑟  

interact with a potential energy of

But due to 𝜌2, molecule 2 also generates an electrostatic scalar potential, 𝜑2.

Molecule 1’s centre-of-mass is at − Ԧ𝑟 with respect to molecule 2, i.e., we must consider 𝜌1 Ԧ𝑟′ − Ԧ𝑟  

interacting with 𝜑2 Ԧ𝑟′ − Ԧ𝑟  with potential energy

𝑉 Ԧ𝑟 = න
𝑉

𝜌2 Ԧ𝑟 𝜑1( Ԧ𝑟) 𝑑𝜏

𝑉 Ԧ𝑟′ − Ԧ𝑟 = න
𝑉

𝜌1 Ԧ𝑟′ − Ԧ𝑟 𝜑2( Ԧ𝑟′ − Ԧ𝑟) 𝑑𝜏

𝑉12( Ԧ𝑟) =
1

4𝜋𝜀
൥
𝑞1𝑞2

𝑟
+

𝑞1 Ԧ𝜇2 ⋅ Ƹ𝑟 − 𝑞2 Ԧ𝜇1 ⋅ Ƹ𝑟

𝑟2

 +
Ԧ𝜇1 ⋅ Ԧ𝜇2 − 3 Ԧ𝜇1 ⋅ Ƹ𝑟 Ԧ𝜇2 ⋅ Ƹ𝑟

𝑟3

቏ + ෍

𝛼,𝛽=1

3

Ƹ𝑟𝛼 Ƹ𝑟𝛽 𝑞1𝑄2,𝛼𝛽 + 𝑞2𝑄1,𝛼𝛽

1

2𝑟3
+ ⋯

The total (electrostatic) potential energy is then:

Intermolecular interactions

𝜑1( Ԧ𝑟) 

𝜌1(Ԧ𝑟′) 
𝜌2 Ԧ𝑟



𝑞𝑖 = න𝜌𝑖( Ԧ𝑟)𝑑𝜏

Ԧ𝜇𝑖 = න( Ԧ𝑟 − Ԧ𝑟𝑖)𝜌𝑖( Ԧ𝑟)𝑑𝜏

For each molecule we can calculate the following:

 Total charge

 Dipole moment

 Quadrupole tensor

etc.

𝑄𝑖,𝛼𝛽 = න 3( Ԧ𝑟 − Ԧ𝑟𝑖)𝛼( Ԧ𝑟 − Ԧ𝑟𝑖)𝛽 − 𝛿𝛼𝛽( Ԧ𝑟 − Ԧ𝑟𝑖)2 𝜌𝑖( Ԧ𝑟)𝑑𝜏

𝑉𝐶𝑜𝑢𝑙𝑜𝑚𝑏 =
1

4𝜋𝜀
ඵ

𝜌1( Ԧ𝑟)𝜌2( Ԧ𝑟′)

Ԧ𝑟 − Ԧ𝑟′
𝑑𝜏 𝑑𝜏′For charge distributions 𝜌1( Ԧ𝑟) and 𝜌2( Ԧ𝑟):

𝑉12( Ԧ𝑟) =
1

4𝜋𝜀
൥
𝑞1𝑞2

𝑟
+

𝑞1 Ԧ𝜇2 ⋅ Ƹ𝑟 − 𝑞2 Ԧ𝜇1 ⋅ Ƹ𝑟

𝑟2
+

Ԧ𝜇1 ⋅ Ԧ𝜇2 − 3 Ԧ𝜇1 ⋅ Ƹ𝑟 Ԧ𝜇2 ⋅ Ƹ𝑟

𝑟3

቏ + ෍

𝛼,𝛽=1

3

Ƹ𝑟𝛼 Ƹ𝑟𝛽 𝑞1𝑄2,𝛼𝛽 + 𝑞2𝑄1,𝛼𝛽

1

2𝑟3
+ ⋯

Ԧ𝜇 → Ԧ𝜇𝑛𝑘 ≡ 𝑘 መԦ𝜇 𝑛

Intermolecular interactions

6
𝑉12 =

1

4𝜋𝜀
𝜙1

1𝜙2
0

𝝁1 ⋅ 𝝁2 − 3 𝝁1 ⋅ ො𝒓 𝝁2 ⋅ ො𝒓

𝑟3
𝜙1

0𝜙2
1 =

1

4𝜋𝜀

𝝁1
01 ⋅ 𝝁2

01 − 3 𝝁1
01 ⋅ ො𝒓 𝝁2

01 ⋅ ො𝒓

𝑟3

Dipole-dipole approximation for uncharged molecules:



Consider two spatially separated, interacting molecular dipoles.
Each molecule has its own set of electronic states and energy levels, which, in the absence of the 
interaction, are governed by ෡𝐻𝑛𝜑𝑛

𝑖 = 𝜀𝑛
𝑖 𝜑𝑛

𝑖    (𝑛 = 1, 2)

Consider the simplest case (a two-level system): 𝑖 = 0, 1

The excitonically coupled dimer

0 0 0 0 0

1 2 1 2 1 2

0 0 0 0 0 0

1 2 1 2 1 2

0 0

1 2 00

ˆ ˆ ˆH H V

ˆ    V

    

E

V

   

     

 

= + +

= + +

= + +

Ground-state energy:

1 0 0 1

1 1 2 2 1 2

f c c    = +

( )1 2
ˆ ˆ ˆH H V f f fE + + =

Excited-state wavefunction:

Excited dimer SE:

0 0 0

1 2  =Ground-state wavefunction:

This can be solved through time-independent degenerate PT.
7

|1 | 2

 12
𝜀1

1

𝜀1
0

𝜀2
1

𝜀2
0



𝜀1
1 +𝜀2

0 +𝑉11 − 𝐸𝑓 𝑉12

𝑉21 𝜀1
0 + 𝜀2

1 + 𝑉22 − 𝐸𝑓
= 0

Identical molecules: with 𝜀1
0 = 𝜀2

0 = 0, 𝜀1
1 = 𝜀2

1 = 𝜀1 , 𝑉12 = 𝑉21, and 𝑉11 = 𝑉22

( ) 2

12

2

11

1 VEV f =−+

1,2 1

11 12E V V= + 

( )1,2 1 0 0 1

1 2 1 2

1

2
    = 

resonance interaction terms

Hence,

8

The excitonically coupled dimer

Non-trivial solutions require: 

where      𝑉11 = 𝜑1
1𝜑2

0 ෠𝑉 𝜑1
1𝜑2

0

 𝑉22 = 𝜑1
0𝜑2

1 ෠𝑉 𝜑1
0𝜑2

1

 𝑉12 = 𝜑1
0𝜑2

1 ෠𝑉 𝜑1
1𝜑2

0

 𝑉21 = 𝜑1
1𝜑2

0 ෠𝑉 𝜑1
0𝜑2

1

Then

Or with ȁ ۧ𝜑𝑎 = ห ൿ𝜑1
1𝜑2

0  and ȁ ۧ𝜑𝑏 = ห ൿ𝜑1
0𝜑2

1 , 𝑊𝑎𝑏 = 𝜑𝑏
෡𝐻′ 𝜑𝑎

=
1

2
ȁ ۧ𝑒1𝑔2 ± ȁ ۧ𝑔1𝑒2

V

2V12
V11

V00

0

1
2E

1E

𝜑1 𝜑2
𝜓1,2



2
01 61 2

01

( )
1.01 10     (Cm)

band
D μ d

 




−= =  

Ԧ𝜇01 ≡ 𝜑1
1 መԦ𝜇 𝜑1

0
Transition dipole moment:

( )
2

1,2 1,2 0 0

1 2 1 2 01
ˆ ˆ 1 cosD μ μ D


   = + = 

Dipole strength

Example: For anti-parallel dipoles, cos θ = –1

 D1 = 0:   no absorption occurs to the 1st level

 D2 = 2D01: all oscillator strength is accumulated in transition to the 2nd level

Excitonic transitions (and hence dipole strengths) depend on the structure of the dimer.

For isoenergetic molecules:

9

𝜃

𝜃1

𝜃2

Ԧ𝜇1

Ԧ𝜇2

The excitonically coupled dimer: optical transitions

𝒓



|1 | 2
12| 

V

2V12

0

1
2E

1E

V12
 = −2D01/r

3 V12 = D01/r
3

monomer dimer

𝑉12 =
1

4𝜋𝜀
𝜙1

1𝜙2
0

𝝁1 ⋅ 𝝁2 − 3 𝝁1 ⋅ ො𝒓 𝝁2 ⋅ ො𝒓

𝑟3
𝜙1

0𝜙2
1 =

1

4𝜋𝜀

𝝁1
01 ⋅ 𝝁2

01 − 3 𝝁1
01 ⋅ ො𝒓 𝝁2

01 ⋅ ො𝒓

𝑟3

Dipole-dipole approximation for uncharged molecules:

For parallel, identical dipoles, 𝑉12 =
𝜇2

4𝜋𝜀

1−3 cos2 𝜃

𝑟3  

𝒓

Hestand & Spano, Chem. Rev. 2018, 118, 15, 7069-7163 10

Excitonically coupled dimer: parallel dipoles
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Absorbance



Hestand & Spano, Chem. Rev. 2018, 118, 15, 7069-7163

J-aggregate: 𝜃 <  𝜃𝑀

H-aggregate: 𝜃𝑀 <  𝜃 <  𝜋/2
𝜃𝑀 

=  54.7°

𝑉12 =
𝜇2

4𝜋𝜀

1 − 3 cos2 𝜃

𝑟3

𝑉12 < 0 𝑉12 > 0

2 identical dipoles:

෍
𝑖
𝜇𝑖 = 0

෍
𝑖
𝜇𝑖 = 2𝜇

11

Excitonically coupled dimer: parallel dipoles



Franck-Condon principle

Ԧ𝜇𝑖𝑓 = 𝑒𝑓𝜐𝑓𝜎𝑓
መԦ𝜇 𝑒𝑖𝜐𝑖𝜎𝑖  = −𝑒 σ𝑖 𝑒𝑓 Ԧ𝑟𝑖 𝑒𝑖 𝜐𝑓 𝜐𝑖 𝜎𝑓 𝜎𝑖

Symmetry 
1. Laporte’s orbital selection rules
2. Phase relation between multiple dipoles

FC factor 𝑆2 = 𝜐𝑓 𝜐𝑖
2

Spin selection rules: multiplicity

Mark M. Somoza,  https://commons.wikimedia.org/wiki/File:Franck_Condon_Diagram.svg 

Can be broken by 
perturbations

Transition probability dictated by:

Mark M. Somoza, https://commons.wikimedia.org/wiki/File:Vibration-fluor-abs.png 

12



1. Structural disorder

              𝐼0−0 increases with temperature

2.  Mixing with ȁ ۧ𝜓2

 0-1 side-band + blue-shift

Symmetry-breaking perturbations
Absorption

For H-aggregates: 𝜓1 Ԧ𝑟𝑖 𝜓0 = 0

0-0 0-1

ȁ ۧ𝜓0

ȁ ۧ𝜓1

ȁ ۧ𝜓2

ȁ ۧ𝜓0𝜈0 = ȁ ۧ0, 0

ȁ ۧ0, 1
ȁ ۧ0, 2

ȁ ۧ1, 0

ȁ ۧ1, 1
ȁ ۧ1, 2

ȁ ۧ𝜓0

ȁ ۧ𝜓1

ȁ ۧ𝜓2

ȁ ۧ𝜓0𝜈0 = ȁ ۧ0, 0

ȁ ۧ0, 1
ȁ ۧ0, 2

ȁ ۧ1, 0

ȁ ۧ1, 1
ȁ ۧ1, 2

Fluorescence 

Huang-Rhys factor:

0-0
0-1

The same perturbations apply to fluorescence, with the effect 

of disorder strongly enhanced because of Kasha’s rule.

Determine aggregation types:

1. Temperature-dependent abs./fluorescence spectral evolution

2. Fluorescence lifetime

3. Fluorescence quantum yield

13



J-aggregates: 𝐼𝐽 ℎ𝜔 ∝ 𝑛ℏ𝜔 3𝑒−𝑆 ෍

𝑚=0

𝑆𝑚

𝑚!
Γ(ℏ𝜔 − 𝐸𝑜 + 𝑚𝐸𝑃)

Franck–Condon analysis of PL spectra

𝑆  : Huang-Rhys factor
𝐸𝑃: Phonon energy
𝛤  : Gaussian lineshape

14



J-aggregates: 𝐼𝐽 ℎ𝜔 ∝ 𝑛ℏ𝜔 3𝑒−𝑆 ෍

𝑚=0

𝑆𝑚

𝑚!
Γ(ℏ𝜔 − 𝐸𝑜 + 𝑚𝐸𝑃)

H-aggregates: 𝐼𝐻 ℎ𝜔 ∝ 𝑛ℏ𝜔 3𝑒−𝑆 𝛼𝛤 ℏ𝜔 − 𝐸𝑜 + ෍

𝑚=1

𝑆𝑚

𝑚!
𝛤(ℏ𝜔 − 𝐸𝑜 + 𝑚𝐸𝑃)

𝑆  : Huang-Rhys factor
𝐸𝑃: Phonon energy
𝛤  : Gaussian lineshape
𝛼 : Exciton coherence number

∝ = ቊ
 0, no disorder T = 0 K ⇒ exciton delocalisation 
1,  completely disordered high T ⇒ exciton localisation 

→ spectral line-broadening + blue-shift

→ spectral line-narrowing + red-shift

Franck–Condon analysis of PL spectra

15



1. Temperature-dependent PL spectral evolution

2. PL lifetime

3. PL quantum yield

E Asmare, FG Hone, W Mammo, TPJ Krüger, NA Tegegne, J Chem Phys 159, 034901 (2023)

Determining molecular aggregation types

benzodithiophene–isoindigo copolymer 

16



Temperature-dependent PL spectral evolution

E Asmare, FG Hone, W Mammo, TPJ Krüger, NA Tegegne,
 J Chem Phys 159, 034901 (2023)

1a.  Intensity increase ⟹ H-aggregates
1b. S decreases ⟹ H-aggregates
2.   Red-shift ⟹ H-aggregates

17



E Asmare, FG Hone, W Mammo, TPJ Krüger, NA Tegegne, J Chem Phys 159, 034901 (2023)

Franck–Condon analysis of PL spectra

18

J-aggregates 

𝐼𝐽 ℎ𝜔 ∝ 𝑛ℏ𝜔 3𝑒−𝑆 ෍

𝑚=0

𝑆𝑚

𝑚!
Γ(ℏ𝜔 − 𝐸𝑜 + 𝑚𝐸𝑃)

H-aggregates 

𝐼𝐻 ℎ𝜔 ∝ 𝑛ℏ𝜔 3𝑒−𝑆

𝛼𝛤 ℏ𝜔 − 𝐸𝑜 +

෍

𝑚=1

𝑆𝑚

𝑚!
𝛤(ℏ𝜔 − 𝐸𝑜 + 𝑚𝐸𝑃)
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Absorbance

J-aggregate H-aggregate

PL lifetime and yield

QY ~ 22%

Sample τ1 (ns) A1 (%) τ2 (ns) A2 (%) Avg. τ (ns)

Solution 0,3 66 1,0 34 0,57

Film 0,3 50 1,1 50 0,70

Film

Solution

IRF

19
Asmare et al. J Chem Phys 159, 034901 (2023)
Asmare et al. submitted



Förster regime: Localised excited states

     Excitation energy transfer b.m.o. resonance hopping

|1 | 2

 12

|1 | 2

ε1

E
n
e
rg

y

Absorbance
ε0

ε2

Weak intermolecular coupling

𝜓𝑓 = 𝑐1𝜑1
1𝜑2

0 + 𝑐2𝜑1
0𝜑2

1 = 𝜑1
1𝜑2

0 + 𝜑1
0𝜑2

1Excited-state wavefunction:

20

𝑉12 ≪ ∆𝜀12 or 𝑉12 ≪ 𝑉𝑒𝑙−𝑝ℎ



𝑉12 = 𝜑1
0𝜑2

1 𝑉 𝜑1
1𝜑2

0   implies EET.   

Timescale of EET?

𝑃𝐴→𝐵(𝑡) = 𝑐𝐵 𝑡 2 ≈
𝑉12

2

ℏ2

sin21

2
𝜔0−𝜔 𝑡

𝜔0−𝜔 2 𝜔0

21

Weak intermolecular coupling

Molecule A Molecule B

Molecule A Molecule B



Density of states

Density of states 𝜌 𝐸 = number of simultaneous emission-absorption combinations that 

conserve the energy.

I.e., number of combinations of D*A and DA* that are available for exchange of the excitation 

energy and that conserve the energy.

22

Molecule A Molecule B



𝑃𝐴→𝐵(𝑡) ≈ න
𝐸𝐵−

∆𝐸
2

𝐸𝐵+
∆𝐸
2 𝑉12

2

ℏ2

sin2 1
2 𝜔0 − 𝜔 𝑡

𝜔0 − 𝜔 2
 𝜌 𝐸 𝑑𝐸

≈
𝜋

2ℏ
𝑉12

2𝜌 𝐸 𝑡

𝑘𝐴→𝐵 =
𝑑𝑃𝐴→𝐵

𝑑𝑡
≈

𝜋

2ℏ
𝑉12

2𝜌 𝐸

If we include also off-resonance transitions and switch to  

donor-acceptor notation, then

 𝑘𝐷𝐴 ≈
2𝜋

ℏ
𝑉𝐷𝐴

2  𝜌 𝐸 =
4𝜋2

ℎ
𝑉𝐷𝐴

2  𝜌 𝐸

The coupling matrix element is given by the dipole-dipole coupling 

𝑉dip−dip 𝑅 = 𝑓2 𝜇𝐷𝜇𝐴

𝜖𝑟

1

𝑅3 𝜅

This gives 𝑉𝐷𝐴
2 = 𝑓4𝜅2 𝜇𝐷

2 𝜇𝐴
2

𝜖𝑟
2

1

𝑅6

with f the Lorentz factor and 𝜅 = cos𝜃𝑇 − 3cos𝜃𝐷cos𝜃𝐴 the orientation factor

Mirkovic et al. Chem. Rev. 2017, 117, 249−293

(in Gaussian units)

Fermi’s golden rule

23

Förster resonance energy transfer



Density of states

Density of states 𝜌 𝐸 = number of simultaneous emission-absorption combinations that 

conserve the energy.

I.e., number of combinations of D*A and DA* that are available for exchange of the excitation 

energy and that conserve the energy.

24

Molecule A Molecule B



Franck-Condon factor: 𝑆𝐷
2 = 𝜐𝑓 𝜐𝑖

2
= 𝜐𝐸𝐷−ℎ𝜈 𝜐𝐸𝐷

2

The spectral overlap that determines 𝜌 𝐸  is proportional to ׬ 𝐹𝐷 𝜈 𝜀𝐴 𝜈 𝑑𝜈 

𝐵12 =
4𝜋2

3ℏ2
Ԧ𝜇12

2 =
4𝜋2

3ℏ2
𝜇𝐴

2

=
𝑐

ℏ𝜔0
න 𝜎(𝜔)𝑑𝜔

𝜀(𝜔0) =
𝑁𝐴

ln 10
𝜎(𝜔0) 

𝜔0 = 2𝜋𝜈

(Gaussian units)

with 𝐹𝐷 𝜈 = 𝐴21 ׬ 𝑒−𝐸𝐷/𝑘𝑇𝑆𝐷
2𝑑𝐸𝐷 

𝐹𝐷 𝑛 = 𝑓2𝑛 𝐹𝐷 𝑣𝑎𝑐

=
64𝜋4𝜈3

3ℎ𝑐3 𝜇𝐷
2 න 𝑒−𝐸𝐷/𝑘𝑇𝑆𝐷

2𝑑𝐸𝐷

and 𝜀𝐴 𝜈 =
8𝜋3𝑁𝐴

3000 ln 10 ℏ𝑐
𝜇𝐴

2 න 𝑒−𝐸𝐴/𝑘𝑇𝑆𝐴
2𝑑𝐸𝐴

𝜀𝐴 𝑛 =
𝑓2

𝑛
𝜀𝐴(𝑣𝑎𝑐)

(Gaussian units)

𝑆𝐴
2 = 𝜐𝑓 𝜐𝑖

2
= 𝜐𝐸𝐴+ℎ𝜈 𝜐𝐸𝐴

2

𝑘𝐷𝐴 ≈
4𝜋2

ℎ
𝑉𝐷𝐴

2  𝜌 𝐸 , with 𝑉𝐷𝐴
2 = 𝑓4𝜅2 𝜇𝐷

2 𝜇𝐴
2

𝜖𝑟
2

1

𝑅6 25

Förster resonance energy transfer



The Förster equation

𝑘𝐷𝐴 ≈ 𝑘𝑟
𝐷

𝑅0

𝑅

6

𝑅0
6 = 8.8 ⋅ 1017 ⋅

𝜅2

𝑛4
⋅ න

𝜀𝐴 ǁ𝜈 ⋅ 𝐹𝐷 ǁ𝜈

ǁ𝜈4
𝑑 ǁ𝜈

𝑘𝑟
𝐷 =

64𝜋4𝜈3

3ℎ𝑐3  𝑓2𝑛

Rate of Förster resonance energy transfer (FRET)

(R is in nm and ǁ𝜈 is in cm-1)

This is incoherent energy transfer: Phase information is lost when integrating over whole 

spectral band of the acceptor to get Fermi’s golden rule.

Coherent energy transfer: next two lectures
26

with 

(radiative rate)

𝑘𝐷𝐴 depends strongly on: 1. Relative dipole orientation

2. Spectral overlap

3. Inter-dipole distance



1. Intermolecular interactions

2. The excitonically coupled dimer

3. H- and J-aggregates

4. Förster resonance energy transfer (FRET)

What we have learned
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1.  Basic principles of electronic spectroscopy

2. Coupled molecular dipoles: Molecular excitons & Förster interactions

3.   

4. 
• Linear & nonlinear spectroscopy
• EET in the strong-coupling limit

Dr. Towan Nöthling 

Next lectures
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