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The most general dynamical law for a quantum mechanical system with a finite number of levels is
formulated. A fundamental role is played by the so-called “dynamical matrix” whose properties are stated
in a sequence of theorems. A necessary and sufficient criterion for distinguishing dynamical matrices corre-
sponding to a Hamiltonian time-dependence is formulated. The non-Hamiltonian case is discussed in detail

and the application to paramagnetic relaxation is outlined.
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which give fairly complicated properties for the A
matrix. To display these properties in a more trans-
parent fashion, as well as for further development, it is

advantageous to introduce another #*X»* matrix B
related to 4 and defined by

By aer=:HA g ra. (14)

It immediately follows that B is Hermitian and positive
semidefinite ; we can rewrite (11") and (12) in the form:

By ger=1{(Byst er)*, (Hermiticity) (15)
Ber T By ssrZe = 0. (positive semidefiniteness) (16)

The trace condition (13") is still complicated and

hecomes
-Brr'.ﬂ"zﬂr’r'; {]7}

By summing with respect to the other indices also, we
obtain the weaker statement
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A method is developed for generating relaxation by introducing a fundamental interval = and a stirring
hypothesis. The application to spin and harmonic oscillator systems is discussed in some detail. All the re-
sults are obtained by exact calculations without applying perturbation theory as the systems considered
are simple and completely soluble. Equations similar to phenomenological Bloch equations are derived in
the case of spin systems. The relaxation times obtained by the application of the theory are not only pro-
portional to the strength of interaction, but also to the fundamental interval r which plays an important
role in the theory. It is shown that in the case of a harmonic oscillator system, an initial Boltzmann distribu-
tion relaxes to a final equilibrium Boltzman distribution through a sequence of transient Boltzman distri-
butions.
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Figure 7. Evolution of Polarization Entanglement with reduced memory (T=0and T=0.209). Concurrence of
the single-photon sectors, post-select density matrix p (). All error bars were calculated from the propagation

of 100 Monte-Carlo simulations with Poisson statistics, while theoretical data were simulated by considering the
actual optical elements of the interferometric setup.

From the results of'*** we know in fact that in the cases where the relation C, (t,) > C, (t,_,) holds for some

k > 1, a back-flow of information from e, to s has occurred, resulting in a clear indication of a non-Markovian
character of the system dynamics. On the contrary a null increase of C,(t;) cannot be used as an indication of
Markovianity.

Rivas, A., Huelga, S. F. & Plenio, M. B. Entanglement and non-markovianity of quantum evolutions. Phys. Rev. Lett. 105, 050403 (2010).

Rivas, A., Huelga, S. F. & Plenio, M. B. Quantum non-markovianity: characterization, quantifcation and detection. Reports on Progress in
Physics 77, 094001 (2014).

Lorenzo, S., Plastina, F. & Paternostro, M. Geometrical characterization of non-markovianity. Phys. Rev. A 88, 020102 (2013).
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Proposition 1. Let A(t) be a trace decreasing CP-divisible dynamical map and
054 (0) be an initial system-ancilla state. If the postselected system-ancilla state
Aty) @ 1d[osa(0)]/tr|A(ty) @ Id[osa(0)]] becomes separable at time moment t,,
then all future postselected states (t > t, ) remain separable.

arXiv:2108.13372



Corollary 1. Suppose the system experiences a trace decreasing dynamics A(t).
The system-ancilla entanglement death followed by the entanglement revival is
an indication of CP-indiwvisibility for A(t).

arXiv:2108.13372
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Figure 7. Evolution of Polarization Entanglement with reduced memory (T=0 and T=0.209). Concurrence of
the single-photon sectors, post-select density matrix p (#,). All error bars were calculated from the propagation
of 100 Monte-Carlo simulations with Poisson statistics, while theoretical data were simulated by considering the
actual optical elements of the interferometric setup.



Generalizatoin of the backflow approach (BLP) to the trace-decreasing case
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Problem to find the most robust entangled state.
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Problem to find the most robust entangled state.

A1 (1) ® Aa()[012(0)]
tr[A1(2) @ A2(t)]012(0)]]
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Problem to find the most robust entangled state.

Ao A1 (t) ® Aa(t)[012(0)]

Ay g oo B 6 [A1 (1) @ As(t)[012(0
A , M) ® Aa(0)fouz (O)]

Quantum Sinkhorn’s theorem: L. Gurvits, Classical complexity and quantum entanglement, J. Comput. Syst. Sci.

69, 448 (2004).

T=®Py0ANodp T. T. Georgiou and M. Pavon, Positive contraction mappings for classical and
quantum Schrodinger systems, J. Math. Phys. 56, 033301 (2015).
{I’X [Q" — X Q}{T G. Aubrun and S. J. Szarek, Two proofs of Stormer's theorem,

arXiv:1512.03293 [math.FA] (2015).
G. Aubrun and S. J. Szarek, Alice and Bob Meet Banach: The Interface of

Asympototic Geometry Analysis and Quantum Information Theory, section 2.4.3
(American Mathematical Society, 2017).
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Problem to find the most robust entangled state.

A1 (1) ® Aa()[012(0)]
tr[A1(2) @ A2(t)]012(0)]]
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Quantum communication rate problem

Polarization dependent losses:
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Talp] = Alp] @ tr[p — Alp]

L Al 0
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It A =pld, 0 < p <1, then I')1q i1s nothing else but the
conven thlFIEJl grasure ChBﬂﬂEl [M. Grassl, T. Beth, and T. Pellizzari, Codes for the

gquantum erasure channel, Phys. Rev. A 56, 33 (1997)], [C. H. Bennett, D. P. DiVincenzo, and J. A,

Smolin, Capacities of quantum erasure channels, Phys. Rev. Lett. 78, 3217 (1997)].
It A = pd, where & : B(Ha) — B(Ha2) i1s a dephasure channel, then
r & |5 d SD'CE”Ed dE hrESU re ChEﬂﬂEl [F. Leditzky, D. Leung, and G. Smith,

p P
Dephrasure channel and superadditivity of coherent information, Phys. Rev. Lett. 121, 160501 (2018)].
A = p®, where ¢ : B(Ho) — B(H2) is a general channel or an
amplitude damping channel, in particular (v. siddhu and R B. Griffiths, Positivity

and nonadditivity of quantum capacities using generalized erasure channels, arXiv:2003.00583].

In contrast to these specific cases, A does not have to be
unbiased, so the erasure probability tr [o(I — AT[I])] is
state—dependent [S.N. Filippov. J. Phys. A: Math. Theor. 54, 255301 (2021)]
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Q(®) = lim —Qi(d°7),  Qy(W) 251;13{5(‘1’[;0]) — S(¥[e))}

n—oo 1

The quantum capacity is known to satisty the additivity property
Q(P) = Q1(P) if @ is gedradable, i.e., there exists a quantum
channel = such that d = = 0 D [I. Devetak, P. W. Shor. The capacity of a quantum
channel for simultaneous transmission of classical and quantum information. Commun. Math. Phys. 256,
287 (2005)]

If d is antlgedradable I.e., there exists a quantum channel = such
that & = = o P, then Q(fi}) = (0 and the additivity property is
trivially tultilled.
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The superadditivity of coherent information, i.e., the strict
inequality Q1(P%™) > nQ1(P), is known to hold for
» some depolarizing channels it n > 3
» some dephrasure channels if n > 2
(2Q1(2%2) — Q1(D) ~ 2.5 1072)
» concatenations of the erasure channel with the amplitude
damping channels (%Ql(fﬁ’gﬂ) — Q1(®)~5-107?)
» the state-of-the-art channels ® : B(H3) — B(H3) with
%Ql(fﬁ’m) — (Q1(®) ~ 4.4-1072 and their higher-dimensional
generalizations

» collection of peculiar channels it n > ng, where ng > 2
specifies the channel and can be arbitrary
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S. N. Filippov. Capacity of trace decreasing quantum operations and superadditivity of coherent information for a generalized erasure
channel. J. Phys. A: Math. Theor. 54, 255301 (2021)



Proposition

Let A € O(Ha) be a quantum operation describing polarization
dependent losses with parameters py and py. The strict inequality
301(TF%) > Q1(Ty) ho!ds if either 5 < pg < 1 and

0 < pv<:1——pH(r <py <land0 < pyg <1—py.

Proof.

1
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. 17 IEE" - - s r
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2apt
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Suppose pi > py.

Consider the subspace H,,_1.1 spanned by the vector
H)Y®"=D & |V) and all its permutations.

Wy — \iﬁ ((HH...HHV)+|HH...HVH) + ...+ |VH ... HHH)) € Hn_1.1.
T
o) gggt &) if (x|o) = 0 for all |x) € Hpn_1.1,
ot ovyn(W ™) W)Y i o) € Hno1.1

SF. Multiletter codes to boost superadditivity of coherent information in quantum communication lines with polarization dependent
losses, arXiv:2109.03577
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Qn(T) — Q1(T) > dpmovy ni: (n N 1) (1 —pu)" " 'pl x [(1 = py)log(n — k) — py log(k + 1)]
k=0
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Summary and conclusions

* Trace decreasing quantum operations are physical.
* Experiments involving postselection should be revisited.
* Concept of the generalized erasure channel is introduced.

* Analytical proof for the superadditivity of coherent information, i.e.,
a strict separation between the single-letter quantum capacity and
an n-letter qguantum capacity.
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