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The most general dynamical law for a quantum mechanical system with a Gnite number of levels is
formulated. A fundamental role is played by the so-called "dynamical matrix" whose properties are stated
in a sequence of theorems. A necessary and sufhcient criterion for distinguishing dynamical matrices corre-
sponding to a Hamiltonian time-dependence is formulated. The non-Hamiltonian case is discussed in detail
and the application to paramagnetic relaxation is outlined.

I. INTRODUCTION
'HE dynamical description of a mechanical system
consists of three distinct aspects, namely (i) the

choice of dynamical variables; (ii) the rule for assigning
numerical values to the various functionals of the dy-
namical variables appropriate to the specification of the
"state" of the system; and, finally (iii) the time
dependence of this rule for assigning numerical values
(equations of motion). The distinction between classical
and quantum-mechanical systems is solely contained, in
the second aspect; and it is well known that "related"
classical and quantum-mechanical systems (i.e., those
dealing with the same dynamical variables) have
formally identical equations of motion.
In quantum mechanics it is conventional' to introduce

the Schrodinger amplitude as a specification of the
state; and the time-dependence of the state is expressed
in terms of a time-dependent unitary transformation:

An alternative form of the equations of motion is
obtained by going to the "Heisenberg picture" in which
the time dependence is carried entirely by the dynamical
variables, the "state" being the same for all times:

e(t) = haft(t, to)e(to) tf(t, to)
In either picture, the rule for assigning numerical values
to the dynamical variable 8 is given by

While the dynamics is thus formulated in terms of the
Schrodinger amplitude 1h, it is known that the general
specification of the "state" of a quantum-mechanical
system is somewhat more general2 than is implied by
Eq. (5); it corresponds to the choice of a Hermitian
positive semidefinite matrix of unit trace and a rule for
assigning numerical values to dynamical variables in
the form:

4'(t) = U (t to)4'(tv)

where f(t} is the Schrodinger amplitude and

e ~Tr(ep}. (6)(|)
Since p is Hermitian, it can always be diagonalized in
the form

p=E.&.&.4'=&.& l4 }(4.l; Z.&.=&, (&)(U(t, to) = l exp i H(t') dt'—
E ~t, )~ (2) where the non-negative numbers A, „are the eigenvalues

of the matrix p and f„are the corresponding eigen-
vectors; hence one may rewrite the rule embodied in
Eq. (6) in the form:

is the time-ordered exponential of the time integral of
the (Hermitian} Hamiltonian operator H(t). (In the
particular case of a constant Hamiltonian one may omit
the time-ordering symbol, but this simplification is
irrelevant to the present discussion. ) The time depend-
ence is here carried entirely by the "state" and is
completely equivalent to the diGerential equations of
motion in the "Schrodinger picture":

Z.&.Q"l & l4.&,
so that it is a weighted average of the values obtained by
the rule Eq. (5) with the weight X,. In this manner one
is led to consider the matrix as representing a suitable
"ensemble" of kinematically identical systems and is
called the "density matrix. "But we prefer to ignore this

et.8$(t)jcttj=H(t)1i (t). "interpretation" and use the "state" of a st'ngle rnechani-
*Supported in part by the U. S. Atomic Energy Commission. cal system to be completely specified by giving the
f Supported in part by the U. S. Air Force Cambridge Research

Center. 2 J. von Neumann, Mathematica/ Foundatzons of Quantum
See, for example, P. A. M. Dirac, The Princip/es of Quantum Mechanics (Princeton University Press, Princeton, New Jersey,

Mechanzcs (Clarendon Press, Oxford, 1958), 4th ed. 1955).
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A Brief History of the GKLS Equation

Fig. 1: Picture taken in Prof. Ingarden’s office (December 1975). From left
to right: Roman Ingarden, Andrzej Kossakowski, George Sudarshan and
Vittorio Gorini.

quantum systems and notation. It makes full use of our personal interactions
with the four protagonists of this story. Figure 1 shows a 1975 picture taken
in Torun, Poland, in Roman Ingarden’s office.

2. Formulation of the Problem

The evolution of a closed (isolated) quantum system is described by the
Schrödinger equation (here and henceforth, Planck’s constant ! = 1)

iψ̇ = Hψ ←→ ψt = Utψ0 , (1)

where ψ is the wave function, H the Hamiltonian, the dot denotes time
derivative and Ut = e−iHt is a one-parameter group. This translates into the
so-called von Neumann equation for the density matrix ρ

ρ̇ = −i[H, ρ] ←→ ρt = Utρ0U
†
t . (2)

If the quantum system is “open”, namely not isolated, and immersed in an
environment with which it interacts, the above equation is not valid and must
be replaced by the following evolution law

ρ′ = Λρ =
∑

α

KαρK
†
α, (3)
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Abstract. We reconstruct the chain of events, intuitions and ideas that led to the formu-
lation of the Gorini, Kossakowski, Lindblad and Sudarshan equation.

Keywords: GKLS equation; Master equation; History of Physics.

1. Introduction

If you take any two historical events and you ask whether there
are similarities and differences, the answer is always going to be
both “yes” and “no.” At some sufficiently fine level of detail there
will be differences, and at some sufficiently abstract level there
will be similarities. The question we want to ask in the two cases
we are considering, [. . .] is whether the level at which there are
similarities is, in fact, a significant one. [1]

The articles written by Vittorio Gorini, Andrzej Kossakowski and George
Sudarshan (GKS) [2], and Göran Lindblad [3] belong to the list of the most
influential papers in theoretical physics. They were published almost at the
same time: the former [2] in May 1976 and the latter [3] in June 1976.
Interestingly, they were also submitted simultaneously: [2] on March 19th,
1975, and [3] on April 7th, 1975. Archive and on-line submission did not
exist in the ’70s, so both papers were very probably in gestation at the same
time.

It is always difficult to reconstruct facts from (necessarily incomplete)
data. This is the work of historians. Things are even more complicated when

1740001-1
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Date Event

1955 Stinespring publishes [42]

1961 Sudarshan, Mathews, and Rau publish [65]

1971 Kraus publishes [54]

1972 Kossakowski publishes [4]

26 March – 6 April 1973 Gorini attends Marburg conference, where

Størmer and Kraus mention complete

positivity

May 1974 Lindblad submits [58]

September –December 1974 Gorini and Kossakowski visit Sudarshan in

Texas

December 1974 Lindblad visits Ingarden in Toruń

January 1975 Gorini visits Lindblad in Stockholm

1975 Choi publishes [57]

March and April 1975 GKLS articles [2, 3] are submitted

1980 Kraus spends sabbatical year at University

of Texas at Austin; Sudarshan, Wheeler,

A. Böhm and Wootters are there

1983 Kraus publishes [55]

Table 1: Chronology

the project “QUANTUM”. S. P. would like to thank the organizers of the
48th Symposium on Mathematical Physics (Toruń, June 10–12, 2016) for the
invitation and kind hospitality.
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In his recent book, Weinberg [64] wrote: The Lindblad equation can be
derived as a straightforward application of an earlier result by A. Kossakowski
[4], eq. (77). This interesting statement can be considered correct or incorrect
(depending on the viewpoint and level of rigor one adopts) and shows how
delicate questions of priority can be. In his 1972 paper Kossakowski wrote
the right equation using only positivity, and from those premises one cannot
obtain the GKLS equation, whose proof requires complete positivity.

7. The Mystery of Sudarshan-Mathews-Rau Paper

In 1961 Sudarshan, Mathews, and Rau [65] published a remarkable paper en-
titled Stochastic Dynamics of Quantum Mechanical Systems. In the abstract
the authors state:

The most general dynamical law for a quantum mechanical system
with a finite number of levels is formulated. A fundamental role
is played by the so-called “dynamical matrix” whose properties
are stated in a sequence of theorems. A necessary and sufficient
criterion for distinguishing dynamical matrices corresponding to
a Hamiltonian time-dependence is formulated.

Sudarshan, Mathews, and Rau analyzed the evolution of the density matrix
represented by the following linear relation

ρrs(t) =
∑

r′,s′

Ars,r′s′(t, t0)ρr′s′(t0) (36)

and found that ρrs(t) defines a density matrix for t > t0 if and only if the A
matrix satisfies the following properties:

Asr,s′r′ = Ars,r′s′ , (Hermiticity)
∑

r,s,r′,s′

xrxsArs,r′s′yr′ys′ ≥ 0 , (positivity) (37)

∑

r

Arr,r′s′ = δr′s′ . (trace-preservation) .

If one knows how to represent a matrix satisfying the above properties, the
problem is solved. However, as the authors remarked, these conditions are
fairly complicated. In order to solve the problem they proposed to analyze
the matrix B defined by

Brr′,ss′ := Ars,r′s′ . (38)

In modern language, B, which was named dynamical matrix in [65], is nothing
but the realignment of A (see e.g. [66]). Now, the authors claimed (without

1740001-14
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proof) that properties (37) lead to the following properties of B

Brr′,ss′ = Bss′,rr′ , (Hermiticity)
∑

r,s,r′,s′

zrr′Brr′,ss′zss′ ≥ 0 , (positivity) (39)

∑

r

Brr′,rs′ = δr′s′ , (trace-preservation) .

Finally, they derived the remarkable result that B satisfies (39) if and only
if there exists a set of parameters µα ≥ 0, and a collection of n× n complex
matrices Wα, such that

Brr′,ss′ =
n2∑

α=1

µα(Wα)rr′(Wα)ss′ . (40)

In such a case, the evolution of ρ is realized via

ρ #−→
n2∑

α=1

µαWαρW
†
α , (41)

where µα ≥ 0, and
∑n2

α=1 µαW
†
αWα = I. This is nothing but the celebrated

Kraus representation (29) of a quantum channel, derived almost ten years
before Kraus [54]! How was it possible to derive the Kraus representation
without making any use of completely positive maps? Note that in passing
from (37) to (39) there is a gap. The second condition for B should read

∑

r,s,r′,s′

xrxsBrr′,ss′yr′ys′ ≥ 0 . (42)

This condition states that the dynamical matrix B is not necessarily positive
but only block-positive (cf. [66]). This was a prophetic error, anticipating the
Kraus representation of a quantum channel. It is clear that this remarkable
paper was written too early and the community in 1961 was not prepared to
grasp its elegance and predictive power!

In modern language, B is nothing but the Choi matrix corresponding
to the dynamical map, and condition (39) is, as Choi proved in 1975 [57],
equivalent to complete positivity. The weaker condition (42) was proved
by Jamio!lkowski [67] to be equivalent to the positivity of the map. The
correspondence “map ←→ B-matrix” is usually called Choi-Jamio!lkowski
isomorphism. Actually, such correspondence and its properties were analyzed
by de Pillis [68] in 1967 (Kossakowski cited [68] in his 1972 paper [4], in
connection with semi-groups of positive maps). See also the recent review
[69]. Clearly, this correspondence was already noted in [65].

1740001-15
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of the form

Lρ = −i[H, ρ] +
1

2

∑

j

(
[Vj , ρV

∗
j ] + [Vjρ, V

∗
j ]
)
. (9)

We shall call (9) the Lindblad form of the GKLS generator. Observe that
in (9) the choice of H and Vj is not unique, whereas in (7), after fixing the
basis Fl, the traceless Hamiltonian is uniquely defined.

Remark 1 By GKLS (or standard) form of the generator one usually under-
stands

Lρ = −i[H, ρ] + Φρ− 1

2
{Φ∗

I, ρ} , (10)

where H is a self-adjoint operator in the Hilbert space of the system H, Φ is
a completely positive map, and Φ∗ stands for its dual (Heisenberg picture).
Equivalently, representing

Φρ =
∑

j

VjρV
∗
j , (11)

one gets

Lρ = −i[H, ρ] +
1

2

∑

j

(2VjρV
∗
j − V ∗

j Vjρ− ρV ∗
j Vj) . (12)

In the unbounded case there are examples of generators which are not of the
standard form (cf. [7]).

This is what GKLS obtained in 1975–1976. A few years later, Alicki and
Lendi [8] published a monograph, presenting both the theory and physical ap-
plications of Markovian semigroups. Modern monographs include Weiss [9],
Breuer and Petruccione [10], and Rivas and Huelga [11].c

4. Master (Kinetic) Equations before GKLS

Master equations — also known as kinetic equations — were used to describe
dissipative phenomena long before the GKLS articles. Let us briefly review
their interesting history. It is of great interest to analyze the structure of these
equations, that in some cases is very similar to GKLS. In general (but not
always), physicists cared about positivity and trace-preservation. Nobody
knew (and bothered) about complete positivity before GKLS.

cInterestingly, R. Alicki, H.-P. Breuer, F. Petruccione and S. Huelga were among the
participants of the 48th SMP in Toruń.
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The Legacy of George Sudarshan

and characterizing the generator L in terms of quantum dynamical semi-
groups. The explicit expression is [12]

ρ̇ = Lρ = −i[H, ρ] +
1

2

∑

k,l

ckl
(
[Fk, ρF

†
l ] + [Fkρ, F

†
l ]
)
, (14)

or equivalently [22]

ρ̇ = Lρ = −i[H, ρ] +
1

2

∑

j

(2VjρV
†
j − V †

j Vjρ− ρV †
j Vj) . (15)

In both cases H is self-adjoint and represents the Hamiltonian of the system.
The operators Fk and Vj act on the system Hilbert space, and [ckl] is a
complex positive matrix (Kossakowski matrix [23]). Equations (14) and (15)
are completely equivalent and are known as Gorini, Kossakowski, Lindblad
and Sudarshan (GKLS) equation.

One needs several physical assumptions (among them, the Markovian
approximation) to derive (14)–(15). The GKLS equation is of tantamount
importance in the description of open quantum systems, Markovian quan-
tum channels, quantum information, quantum communication and quantum
applications.

3. Anecdotes

George was endowed with a razor-sharp wit and a brilliant personality. His
comments would often come out of the blue and leave his interlocutors
stunned. We like to remember some of his jokes and comments. There
are far too many, so we will opt for a personal choice.

In 1999 P. Facchi and S. Pascazio went to Naples, where G. Marmo was
hosting George and Vittorio Gorini. The discussion hinged on the conditions
that would yield the quantum Zeno effect. At the blackboard, someone said:
the Hamiltonian is self-adjoint. After a split second George replied: why
should a Hamiltonian be self-adjoint? Are symmetric Hamiltonians not suf-
ficient? An article was born after that discussion [24], but the question still
resounds in our memory. George would never take a postulate for granted.

A few years later, always in Naples (George was a regular visitor in
Italy), while eating a delicious Neapolitan pizza, some of us were having
an animated discussion on quantum mechanics and the projection postulate.
George would listen, silent. At some point he said: it is a good thing that
quantum mechanics does not depend on its foundations [25].

Years ago, George and his wife Bhamathi were flying from India back
to Texas. Their flight was badly delayed and they missed their connecting
flight, somewhere in the US. Bhamathi and George were exhausted after the
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G. Marmo and S. Pascazio

Fig. 1: From left to right: M. Man’ko, E. Ercolessi, G. Sudarshan, V. Man’ko,
L. Ferro, Bhamathi, C. Uchiyama, F. Ventriglia, G. Capriati, S. Pascazio, and
G. Marmo, old town, Bari.

long trip, and George went to the counter of Americal Airlines, trying to buy
a ticket to Austin, Texas. At the AA counter he was asked for an outrageous
price. He replied right away: I said I wanted to buy a ticket, not the whole
aircraft.

On 3 July 2014 George was invited to give a public talk at the Physics
Department of the University of Bari. The lecture was on Weak Interactions
and the auditorium was full. There were many questions at the end of the
seminar. Someone (either a student or a postdoc) asked George an opinion
about the discovery of the Higgs particle (that had been officially announced
at CERN two years before). George said: young man, I would not worry
about Higgs, I would rather ask: why the muon?

4. The Legacy of George Sudarshan

George made a number of profound discoveries. His inheritance is so vast
that it is difficult to gauge it.

George Sudarshan was awarded the 2010 Dirac Medal together with
Nicola Cabibbo, “in recognition of their fundamental contributions to the
understanding of weak interactions and other aspects of theoretical physics.”
The story of the V-A theory is very well told by Sheldon Glashow [26]
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Bhamathi and George in Bari, Italy



Thank you


