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Preliminaries: problem setting

Any realistic quantum system S is coupled
to its environment E

Master equation description:

dp(t , 1 1
k

Decomposition of the density matrix

p(t) = Z Pi(t)|4i(t)) (i (1) ztezz?ﬁ:;:ns
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Markovian
Monte Carlo Wave Function method



Density matrix and state vector ensemble

Suppose how we want to solve the semigroup,
Markovian GKSL equation
dp(t) 1

1
_ 2 T T T
Fr —i|H, ps| + Ek Vi (AkpSAk - §AkAkPS — §PSAkAk>

Q: How to solve the master equation!?

Few exact models and analytical solutions
Can we find the solution by evolving an ensemble of
state vectors instead of directly solving the density matrix?

[Generally, we can decompose the density matrix as ]

ZP \%( ) (i (1)]




Basics of stochastic state vector evolution

Monte Carlo wave function method (Markovian)
(Dalibard, Castin, Molmer, PRL 1992)

Ensemble of

N state vectors ¢2 .(tO) —> wQ (tl) ...... % (tn)

At each point of time, density matrix p as average of state vectors ¥;:

p(6) = 3 Do 1O wi(t)

The time-evolution of each ¥ contains stochastic
element due to random quantum jumps.



Jump probability, example

Time-evolution of state vector V¥i:

At each point of time: decide if quantum jump happened.

P;: probability that a quantum jump occurs in a given time
interval Ot:

P, =6tT p,
P~
occupation probability

of excited state

o
l

time-step
decay rate

For example: 2-level atom

Probability for atom being transferred from
the excited to the ground state and photon

emitted. e




Example: driven 2-state system, Markovian

Quantum jump: Discontinuous stochastic change of the state vector.

Excited state probability P
for a driven 2-level atom

Excited state

coupling
(deterministic)

Ground state

decay channel
(random jump)

. 1
— = —i[H, o] + T [O—QU+ — §{U+U—’Q}

p(6) = 5 D1 (O wi(0)



Example: driven 2-state system, Markovian

Quantum jump: Discontinuous stochastic change of the state vector.

Excited state probability P

for a driven 2-level atom

Markovian Monte Carlo

Excited state single realization | ensemble average

o "
. Bt
coupling decay channel
(deterministic) (random jump B
o "
Ground state 0.
0 1
Time Time
do : 1 damped Rabi oscillation
% T _Z[H7 Q] _|_F [O-—QO-+ o 5{0-4‘0-—7(9} Ofthe atom

p(6) = 5 D1 (O wi(0)



Ll . )
l}"s Markovian Monte Carlo wave function method

Master equation to be solved:

dp(t) 1

dt in

= —[H,.p]+ ;chmpC,; - %;Fm(C;Cmp + pC,;Cm)

For each ensemble member i/ :

L d
zhz\‘ll(t» = H|W(1))

H=H +H,,
ih :
Hdec =_E§I‘mcmcm

Solve the time dependent Schrodinger
equation.

Use non-Hermitian Hamiltonian H which
includes the decay part H,,.

Key for non-Hermitian Hamiltonian:
Jump operators C,, can be found from the

dissipative part of the master equation.

For each channel m the jump probability is
given by the time step size, decay rate, and
decaying state occupation probability.

10 Dalibard, Castin, Molmer: PRL 1992



Markovian Monte Carlo wave function method ‘

Algorithm:

I. Time evolution over time step ¢

2. Generate random number, did jump occur?

‘V Yes

3. Renormalize ¢ before new time step
3. Apply jump operator (C; before

TN Gi(0)  newmestep (s

VI8 Wt +00) = parr

4. Ensemble average overt) :s gives the density matrix
and the expectation value of any operator A

(A1) = Sl Al (1)

)

[¥i(t 4 01)) =




Questions:
What happens when the decay rates depend on time?

What happens when the decay rates turn temporarily
negative!

dp(t , 1 1
% = —i[H, ps] + (Akps(t)Azz ~ §ALAkPS(t) — §PSA11AI<)
k
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Non-Markovian Quantum Jumps

Piilo, Maniscalco, Harkonen, Suominen:
PRL 2008



Markovian vs. non-Markovian evolution (1)

Markovian dynamics: Non-Markovian dynamics:
Decay rate constant Decay rate depends on time,
in time. obtains temporarily negative values.



Markovian vs. non-Markovian evolution (1)

Markovian dynamics: Non-Markovian dynamics:
Decay rate constant Decay rate depends on time,
in time. obtains temporarily negative values.

Example: 2-level atom in photonic band gap.

’
Decay rate o5

(exact) 0

@ Li=0tTp <0

Markovian description of quantum jumps fails, since gives
negative jump probability.
For example: negative probability that atom emits a photon.



Non-Markovian master equation

Starting point:
General non-Markovian master equation local-in-time:
d 1 i

Jump operators Cm
Time dependent decay rates A (t).
Decay rates have temporarily negative values.



Non-Markovian master equation

Starting point:
General non-Markovian master equation local-in-time:
d 1 i

Jump operators Cm
Time dependent decay rates A (t).
Decay rates have temporarily negative values.

Jump operator C for positive decay: 0_ = ‘g) <6‘

Example: 2-level atom in photonic band gap. l

WO _ L H5. p) 4 T(0)la) (elole) (gl ~ 2T (E)(1e)elo + ple) el

DECAY

RATE [B]
o

O Ul =
®




Non-Markovian quantum jump (NMQJ) method

Quantum jump in negative decay region:
The direction of the jump process reversed

V) (=) [Y') =

wK}wvz

m| V)

HC

T A (t) >0

m

DI

)
; A (t) <0

Negative rate process creates coherences

Jump probability

P = —MA () (Y|CF,Crn [00(1))

N: number of ensemble members in the target state
N’: number of ensemble members in the source state

The probability proportional to the target state!

16



NMQJ example

For example: two-level atom

o = |g){e|

0—0

N,
Jump probability: P = Fodt|1“(t)| [{thole) |
g

The essential ingredient of hon-Markovian system: memory.

Recreation of lost superpositions.



NMQJ: general algorithm

XAl [auoncio - ; {cloc.]

1
2
1
2

- S are|awecio - 5 {claco.}]

p(t) = N}X\;t) [Pa () {¥al(t)]  ensemble

(0

Deterministic evolution and positive channel jumps as before...
Negative channel with jumps

D] o (1) = |thar (1)) (€ (1)
where the source state of the jump is

[Va(t)) = Ci_ ()|ar (1)) /|- ()[thar ()]

...and jump probability for the corresponding channel

P () = N 185 (08t (pIC] (OC;_ (O] (D




Example: 2-level atom in photonic band gap

— 1 r L
X w05 @
< wo
8% o — imulati
o . - The simulation and exact results match.
1 - -

() | Typical features of photonic band gap:

E i 0.8 Example 1 1 . .
= Population trapping
5 O
i ?g P SELSLE Atom-photon bound state.
6 e et eree st ovrec oo oo rrooe
X o 0.2} O  NMQJ simulation |7
analytical
0 ;
0

5 -1, 10 . .
TIME [p7] i\1‘5\(Den5|ty matrix: average over the ensemble)
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DECAY
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GROUND AND EXCITED

NN
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Example: 2-level atom in photonic band gap

g | - -
w 0.5 @
< 0 Bv%’\
T ; ; The simulation and exact results match.
. 08 Exam(p?l1 | Typical features of photonic band gap:
S 6l Population trapping
E 0.2} O  NMQJ simulation |?
0 ) a_nalytical
0 5 -1, 10 . .
TIME [B] i\J‘lﬁ\(Densmy matrix: average over the ensemble)
/( Single state vector history )

1 e — . T
0 1 111 Example of one state vector history:
= 0.8} ]
= : L. ,
Bost /. | L2 Quantum jump at positive decay region
o < destroys the superposition.
T 0.4} — ~
L
E ool —— 112 Due to memory, non-Markovian jump

. excited state . .
n gound state || F€Creates the superposition.

O 2 2

0 2 4 6 8 10

TIME [B ] 19 Piilo, Maniscalco, Harkonen, Suominen: PRL 2008



Smirne, Caiaffa, Piilo
PRL 2020

3.

Unifying framework:
Rate operator quantum jumps

(ROQ))

20

Early/first consideration of ROs:
Diosi: Physics Letters 1986

On ROs for QSD:
Caiaffa, Smirne, Bassi:
PRA 2017



What is the problem? Example

“Eternal” non-Markovian master equation

3
, 1
= — [)\oLpo, — , all et a
p=3 1?—1: Vi(t)[orpor — pl.  HalleralPRA 2014

Pauli matrices o

Decoherence rates

yi(t) = ya(t) = 1, for all t >0

Map CP but breaks CP-divisibility for all ¢t > 0

“Eternal” non-Markovian according to RHP criteria

...however, P-divisible for all ¢ > 0

21



“ENM" master equation

Why Markovian MCWF does not work!?

Rate for o, jump (1) = —tanhz <0 for all t>0

gives negative jump probability Pi=6tTp. <0

Why non-Markovian NMQ)J does not work?

Reverse jump probility .o J<t>6t<wa/<t>(1}<t>cj<t>¢a1<t>>

singularity in the jump probability
(can not cancel something which never happened)

Note: however, fully classical Markovian

description with ancillas exists
Megier, Chruscinski, Piilo, Strunz. Scientific Reports 2017



The problem and the motivation - once again...

Processes exists which always break CP-divisibility
and always preserve P-divisibility

“In-between’” Markovian and non-Markovian

No known jump descriptions - without ancillas- exists

What is the most general stochastic jump
description valid in all regimes!?

Reminder about maps ®,o = ®, P, :
CP-divisibility: ®; 4is CP
P-divisibility: Pt,s is P

23



ROQJ
ROQ)] - Rate operator quantum jumps

Master equation

. n?—1
7

LIp(0] =~ [Haopl0] + 3 calt) (LaOpOLa0] = 5 {LLOLa0).0(0)})

a=1

At this stage, consider P-divisible dynamics.

Negative rates allowed, as long as transition
rate operator positive semi-defi nite (non-negative
eigenvalues) for any pure state |¢(%))

. n°—1
1h «
Hywy = Hs(t) — 3 > calt) % (LL(t)La(t) — 2054, La(t) + |fw<t>,a|2)

deterministic evolution
24



ROQJ

We can diagonalize and write with eigenvalues

n—1

WJ@) = Z Aj(t) ‘99'¢(t),_j><99w(t)~j|
j=1

n—1

_ZV t)j“/} )|VT(t)1

Here defined

Vi = A0 [ew.i)((t)]  Transfers from current state to eigenstate of
rate operator with a rate given by the eigenvalue

Therefore deterministic evolution interrupted by jumps

Vipty,j 19(1))
V)i (@) |

(1)) —

which occur with probability

pi(t) = [Viry.,j [0 (t)) [[Pdt.

Similarity to MCWEF.



ROQJ - example

“ENM” master equation

1 3
b= g vi(t)[owpor — pl. y1(t) = yo(t) =1, ys(t) = —tanht

0.35

(a)
03 Bloch vector components

1,2: zk(t) = 5(1+ e*)z(0)
3: z3(t) = e *tz3(0).

01} i Monotonic loss
o of coherence

0.25 [

0.2

Re(p12)

o5+ T
0.5 T

0.05

0 1 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
time

Simulation produces analytical results
In general possible to prove match with master equation

26



Note on measurement scheme

Markovian MCWP has measurement scheme
iInterpretation

No known measurement schemes in
non-Markovian regime
(Diosi PRL 2008; Gambetta, Wiseman PRL 2008)

Where is the border between the two!?
How do we lose measurement scheme
interpretation?

27



ROQJ - measurement scheme

It is possible to show in mathematically rigorous manner
that the method has continuous measurement scheme
interpretation following Barchielli and Belavkin |PhysA 1991

Therefore measurement scheme exists for master
equations with negative rates as long as P-divisible

Operations for the count (jump) defined by
Lo, jp = Vw,,ijZ),.jdt, j=1,...n, Visty.g = \J Ai(®) [0w0),5) ()]

Trajectory upto time t
Wt = (tlajl;t27j2; R tmv.]m)

Corresponding state transformation
th 7j ’0

0

28



ROQJ - measurement scheme

Operations for the count (jump) defined by

Lo, jP = Vw,.jPV:o,.jdf, j=1,...n, Visty.i = /A (8) 9w ) (0 (@)

Important points:

The operations are conditioned on the whole trajectory

For example: the past jumps influence what is the current
state and may influence the diagonalization and
the construction of the corresponding jump operator

Measurement scheme: In addition of measurement record
requires also computational resources and
possibly time dependent basis for the measurement

depending on the trajectory

29



ROQJ - general scheme for all regimes

General scheme including non-Markovian regime

Divide transition rate operator to positive and negative
eigenvalue parts

Wi, o) ZA (t) |ur(e).5 ) {Pure).d]

ZZM ) [un .3+ ) Pun it | = D M- O] |- Y Punco),
gt j~

For positive part, use the earlier scheme

For negative part, calculate the jump probabilities
in similar manner as for NMQ)J and use in the reverse
jumps as a source the eigenstates of the transition

rate operator

30



ROQJ - in non-P-div region

Reverse jumps, corresponding to negative eigenvalues of W, are

Bu;k(’t),'d--‘;\.l(t)-.j_ - \/

N (). | [0k (8)) (ke (1)

Source of reverse jump is the eigenstate of W: [vx(t)) = |¢y,, 1)~ )

_ Ne(t)
Ny ()

(

Probability given by p{"7*)(t)

|>\‘l£'--'k_/(t),j— ‘ dt.

One general framework for all regimes:

When P-div: jumps to eig. states of rate operator W
When P-div: broken: jumps out of the eig. states of W

ROQ)J works also when neither MCWF nor NMQ)J works

(when P-div. with negative rates)

31



ROQJ - in non-Markovian (non-P-div) region

/-site driven system

Unitary part: Hg = > .2; Q; ;|i) (/|

Jump (Lindblad) operators): L; ; = |#)(j| (49 of them)
Jump rates (contain negative regions):

c(t) = 0.5[(1 — e %)0.3 + e sin(4.5¢)]

0.3

0.25 -

populations
o
- ©
(&)} N

o
—

e’
4
4
0.05 - 4
/4
4




Is the rate operator unique?
Can we have a family of rate operators?

Chruscinski, Luoma, Piilo, Smirne
arXiv:2009:11312

33



Different choices for rate operator

Master equation

3

, 1

=3 Z Ye(Olorpor — pl.
k=1

For example
Rate operator RI

R1 =) w(t)orl)(low+ Y ve(t)|w) (]

K1(t) = %v(t)l deterministic evolution

Rate operator R2
d

R2 =) v(t)owlt) (®low + (71(t) +72(t))[¢) (¥

k=1
K2(t) = 3[71 (t) +v2(t)]1  deterministic evolution

2 Chruscinski, Luoma, Piilo, Smirne
34 arXiv:2009:11312



Different choices for rate operator

With R1

Example
realizations

(a)
0.8}

0.6} B

P11

04f |

.......

0.2+

time

35

Bloch vector x and z
components: final distribution

1!

0.5}

N O

-0.5¢

Chruscinski, Luoma, Piilo, Smirne
arXiv:2009:11312



Different choices for rate operator

With R2
Example
realizations
1
(c)
0.8+
0.6+
= 04+
0.2+
| S SN N—
0 1 1 !
0 0.5 1 1.5
time

36

Bloch vector x and z
components: final distribution

0.5}

-0.5¢}

1

(d)

h(plz)
o
N

0.3¢
S \\MW 0 -

Chruscinski, Luoma, Piilo, Smirne
arXiv:2009:11312



Different choices for rate operator

For unitarily driven system, we can also include
the driving to jumps instead of deterministic evolution...

Example realizations:

R1: Driving in deterministic evolution:

0.5 -
~ Dissipator:
S 0.0 b(t) 1o
K2 Lilp) =(i=" o=l |+ 5;%(1&)(%/@ —p)
—0.51 l/ l\ T T T
0.0 25 50 7.5 100 RO including driving:
R1’: Driving included to jump (RO) part: R1' ) = Rlym G z'b(z—t)[o—z, () (1(2)]]
0.5 A ( L
S o004 Hf
: +
-0.51_ — Chruscinski, Luoma, Piilo, Smirne
0.0 7.5 10.0 37 arXiv:2009:11312




CONCLUSIONS

MCWF - Monte Carlo Wave Function (1992)
NMQ)J - Non-Markovian Quantum Jumps (2008)

ROQ)J - Rate Operator Quantum Jumps (2020)
General starting point for any regime

Unifies the framework for using quantum
jumps to describe open system dynamics

Measurement scheme for master equations
with negative rates (P-div, no ancillas used)

For the direction of having families of
rate operators and engineering of trajectories...

38
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On non-uniqueness of the RO

Generator
. 1
Li(p) = —i[H(t), p| + Tt(p) — §{F(t),p}:
Ti(p) = Saci ca®La@pLl®),  T() = /(1) = T ca® L@ La®

We can also write

7.(6) = 7:(p) + 3 (COp + pC' (1)
C(t) = A(t) +iB(1)

H'(t) = H(t) + %B(t), I'(£) = T(t) + A(%)
which gives the same generator in the form

L(p) = —ilH'(6), ] + T (p) - 3T (8), P}



