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Why we need completely positivity condition?
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guoted by Prof. Pascazios slide yesterday



According to the discipline of natural science,
the validity of a theory is ultimately determined by experiment.

Physics of CP condition !




According to the discipline of natural science,
the validity of a theory is ultimately determined by experiment.

Goal :
Experimentally Bell Theorem

testable condition.

CP ||]® £ Reality Bell’s Inequality
h? r,.< ZFL% Locality [» (AC) + (AD) + (BC) — (BD) < 2
B=1

Markovianity - “Free will”
I'..: Relaxation Rate

(AC),- -+ Correlation

< Quantum Dynamical Semigroup



Quantum dynamical semigroup.. General Markovian CP quantum dynamics

1) Completely Positive Trace Preserving Map  p+— pr = A¢p
2) One parameter (time) Dynamical Semigroup A¢4s = A¢As (Vt, 5 = 0)

Hille-Yoshida (1948)

d
=) d—? p— Ep st. At =exp(tL)

[Thm] (GKLS 1976) Generator of quantum dynamical semigroup is always written

* Hamiltonian Part [ (effectiv.amiltonian J
H(p) = —i|H, p) where H = HT

L=H+TD

* Dissipative Part: [ Ek . \/’Y_k:Lk: ] Lg: Jump/Noise Operator ]

1
D(p) = B Z’Yk(QLkPL;L — Lszp — pL;ZLk) where 7k =0
k
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Quantum dynamical semigroup.. General Markovian CP quantum dynamics

1) Completely Positive Trace Preserving Map  p+— pr = A¢p
2) One parameter (time) Dynamical Semigroup A¢4s = A¢As (Vt, 5 = 0)

Hille-Yoshida (1948)
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[Thm] (GKLS 1976) Generator of quantum dynamical semigroup is always written

* Hamiltonian Part wmiltonian J
_i[Ha P]

H(p) = where H = HT
L=H+D
* Dissipative Part: %Nowe Operator ]
1
_ T T fr _
D(p) =+ ;(2Lkpl} — LI Lyp— pLlL tr Ly, = 0



In this work, we restrict ourself to a d-level quantum system

but for arbitrary finite d !



Physics of GKLS Master equation

We focus on Relaxation Times |

I': Relaxation Constant
T :=1/I": Relaxation Time

Time Evolution of

exp(—T't)
any physical quantities - SuPer position” of

AV

Decaying time determined by Eigenvalues of Generator: Lu, = A\ ug (Ua 7£ 0)

M =0 & Ayg=—-"1g+ 1w, (@=1.....d>-1)

I', := —Re)\, Relaxation Rates

o =1/, Relaxation Times



Main Results: r- function approach




r stand for “relaxation”

[Definition] (r-function) For complex matrices A, B € My(C), we define

r(A, B) := % tr(ATAB'B + AA'B'B — ATBAB' — BATB' A)

T(A, B) = % tr({A, AT}BTB) — %tr(ATBABT), Commutator Anti-commutator
’ A, B]:= AB— BA {A,B}:= AB + BA
— LB AIBA) + (B, AT|BAD),

1 Hilbert-Schmidt Inner Prod. Frobenius (Hilbert-Schmidt) Norm
= S(UIA B +wATA[BT, B)) (A,B) :=ttA'B  ||A|| == VirATA



Properties of r-function

v Unitry Invariance: r(UAUT,UBUT) = r(A, B)
v 7(ad, BB) = |al?|B|*r(A, B)
v For Cartesian decomposition A = Ar + 1 A7,

’I"(A, B) — ’I“(AR,B) -+ iT(AI, B)




d*—1 . Frobenius Norm:
[lemmal] ) To=d) |L 1Al = Vir ATA
a=1 k

Complex Eigenvalues appears as conjugate pair & —
leading eigenvalue O

d?—1 d2=1
v ZFa:—ZAa:—trﬁ Lg, = AaUe (g # 0)
a=1 a=0

v tI‘ﬁ — —d Z HLIC H2 Wolf and Cirac (2008)
k

Tensor rep. (c.f. Prof. Lakshminarayan talk yesterday) and TrL, =0

, 1
L(p) = ~ilH, pl + 5 Y _(2LpL}, = Lj Lip — pL} Ly)

~

k 1 I L
»L=—iI®H-H'®I)+ 5> (2Lx ® Ly ~1®L, Ly — L{L; ®T)
k

—



1
[Lemma 2] Pa — Z T(uaa Lk) ﬁua - )\aua (Ua 7é O)

1
- Re tr [ u-i- X Aaua — E(ua) — —?:[H, Ua] + 5 Z(QLk’UJaLL — LLLkua — uo&L};Lk) )
k

1
= T.= TaT > tr(ulua L L + uaul, L] Ly — ul, Lyua L], — Liul Ll us)
. k

1
= r(Uq, L
|wa|? zk: ( ) Iy, := —Rel, & [|[ua|]? = trul u,



[Proposition 3] (A, B) < ¢(d)||A|]?]| B]|*

= For any GKLS master eq., I',, < C;) > 505

[Lemma2] T, = ’ul E Zr(ua,Lk)
« k
<e(d) Y |ILil?
(@ & d>—1
C
_ T;FB &[Lemma 1] 62_21 [y = d%: | Ly |I?



Proof. (A, B) = 1(([3 AIBA) + ([B, AT||BAT)

—(||[B,A]||||B||||A|| + ||[B,AT]||||B||||AT|| (using triangle, Schwarz,

and norm inequalities.,)

< V2||A|)?||B|* ||[A BJ||? < 2||A|? ||B||2 (Bottcher-Wenzel Inequality )




With r-function approach

r(A,B) < c(d)||AlI*|| B

Task: Find the best (minimum) constant c(d),
such that inequality is saturated by some A and B

r(A, B)
s Al BII?

Copt (d) = sup



[Prop. 6] For any A, B,
1 + V2
r(A, B) < 1A]1%]1B]?

The inequality is achieved by some A and B.

By unitary invariance and Cartesian decomposition, one can restrict matrix A to be diagonal:
A = diaglay, as, ...,a,| B = {bi;}7 Pt

r(A,B) <KIJAIPIBIP = | k(3" a)O i) = Y [biil*(as — aiay)

/ L i
po LTV2 > > 1bil*(VE = 1a; = Vkaj)* > 0

2 itji=1

Achievability is also easity shown.






One may anticipate that this bound
can no more be improved with r-function approach.

prop.3) (A, B) < c(d)|AP|BIF =T, < DY T,
B

r(u I ) A can be restricted
s -~k to traceless !!

Eigenvector belonging to non-zero eigenvalue is traceless

Trace Preserving




[Prop. 8]  For any complex matrices A, B € My(C) with trA = 0,

14+ 4/2(1 — 1)
r(4, B) < \/2 1A% 1BI1®

where the equality can be achieved by some A and B.

4 N

[Prop. 3] r(A, B) < c(d)||A|%||B| [Theorem 9] For any d-level GKLS,
=1, < %?ZRB

: 1+\/2(1—— o
d=2=1T, <—d22_:11“5 @K 2 g /

Kimura (2002)




Conclusion

Based on r-function approach, we have found universal constraints for relaxation rates

Tightest Conjecture ??
Still Conjecture !!




d*—1
Universal Constraints for GKLS generator c(d)r. < ) Ty
B=1




