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Quantum channels (CPTP map)

dimH = d <∞

Φ : B(H)→ B(H)

completely positive

trace-preserving

Φ(X) =
∑
α

KαXK
†
α

∑
α

K†αKα = 1l
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Quantum channels (CPTP map)

dimH = d <∞
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Dynamical semigroup

Λt : B(H)→ B(H)

Λt is CPTP for t ≥ 0

Λ0 = id

Λt+s = Λt Λs

Λt = etL ; L = ???
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Markovian semigroup

dimH = d <∞ ; ~ = 1

Λt = etL ←→ d

dt
Λt = LΛt

Theorem (Gorini-Kossakowski-Sudarshan-Lindblad (1976))

Λt = etL is CPTP for t ≥ 0 if and only if

L(ρ) = −i[H, ρ] + LD(ρ)

LD(ρ) =
∑
k

γk

(
LkρL

†
k −

1

2
{L†kLk, ρ}

)
; γk > 0
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Andrzej Kossakowski (1938-2021)
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40 years after (Toru« 2016)
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L(ρ) = −i[H, ρ] + LD(ρ)

LD(ρ) =
∑
k

γk

(
LkρL

†
k −

1

2
{L†kLk, ρ}

)
; γk > 0

the representation is not unique

even the splitting is not unique

the rates γk depend upon the representation (and hence they
are not directly measured)
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L(ρ) = −i[H, ρ] + LD(ρ)

LD(ρ) =
∑
k

γk

(
LkρL

†
k −

1

2
{L†kLk, ρ}

)
; γk > 0

Complete positivity −→
{

Math γk ≥ 0
Phys ???
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L(ρ) = −i[H, ρ] + LD(ρ)

LD(ρ) =
∑
k

γk

(
LkρL

†
k −

1

2
{L†kLk, ρ}

)
; γk > 0

Complete positivity −→
{

Math γk ≥ 0
Phys SPECTRUM

Spectrum does not depend on the representation.
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Spectra of generators

L(Xα) = `αXα (⇒ L(X†α) = `∗αX
†
α)

Theorem

` ∈ spec(L) ⇔ `∗ ∈ spec(L)

there is a leading eigenvalue `0 = 0

the corresponding eigenvector de�nes a density operator

Re `α ≤ 0 for α = 1, 2, . . . , d2 − 1.

Γα := −Re `α (relaxation rates)

Tα := 1/Γα (relaxation times)
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γα vs Γα

L(ρ) = −i[H, ρ] +
∑
k

γk

(
LkρL

†
k −

1

2
{L†kLk, ρ}

)
; γk > 0

Positivity of Γα is necessary but NOT su�cient for CP
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Example: GKS 1976

L(ρ) = −iω
2

[σz, ρ] + γ+L+ + γ−L− + γzLz

L+(ρ) = σ+ρσ− −
1

2
{σ−σ+, ρ}

L−(ρ) = σ−ρσ+ −
1

2
{σ+σ−, ρ}

Lz(ρ) = σzρσz − ρ

ΓT := Γ1 = Γ2 =
1

2
(γ+ + γ−) + γz ; ΓL = Γ3 = γ+ + γ−

TL ≥ 2TT
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Bloch equations

Mk := Tr(ρσk) ; k = x, y, z

Ṁx = ωMy −
Mx

TT

Ṁy = −ωMx −
My

TT

Ṁz = −Mz −M0

TL

TL ≥ 2TT

To stay within a Bloch ball it is su�cient to have TL, TT > 0
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Example: GKS 1976

ΓT := Γ1 = Γ2 =
1

2
(γ+ + γ−) + γz ; ΓL = Γ3 = γ+ + γ−

Γ := Γ1 + Γ2 + Γ3 = 2(γ+ + γ− + γz)

Γk ≤
1

2
Γ (k = 1, 2, 3)
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General qubit Lindbladian

G. Kimura, PRA 2002

Γ := Γ1 + Γ2 + Γ3

Γk ≤
1

2
Γ (k = 1, 2, 3)

Rk :=
Γk
Γ

Rk ≤
1

2
(k = 1, 2, 3)
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general d

Wolf & Cirac, CMP (2008): L = LD

‖L‖∞ ≤
2

d
Γ

Γk = −Re `k =⇒ Γk ≤
2

d
Γ

Kimura et al, OSID (2017): arbitrary L

Γk ≤
√

2

d
Γ

Γk ≤
cd
d

Γ
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Please wait for Gen Kimura talk!

Conjecture: cd = 1 −→ Γk ≤
1

d
Γ
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Conjecture

d-level Lindbladian

Γ := Γ1 + . . .+ Γd2−1

Γk ≤
1

d
Γ (k = 1, . . . , d2 − 1)

Rk :=
Γk
Γ

Rk ≤
1

d
(k = 1, . . . , d2 − 1)
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Distribution of `α/Γ for random Lindbladians. Red vertical lines
denote the bound `−1/d'. Blue vertical lines denote the bound
`−
√

2/d'.
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Lemon-like shape

N(L+ 1) (N = d)
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The boundary of the spectrum of the ªemon"is given by the
solution of equation for complex z

Im[z +G(z)] = 0, with

G(z) = 2z − 2z

3π

[
(4 + z2)E

(
4

z2

)
+ (4− z2)K

(
4

z2

)]
,

E(k) and K(k) are complete elliptic integrals of the �rst and
second kind.
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Spectral density

z = x+ iy ; ρ(x, y) = ρ(x)
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Γk ≤
1

d
Γ

is tight

true for unital semigroups

true for covariant semigroups

true for Davies generators (weak coupling limit)

implications
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Schrödinger vs. Heisenberg

L(ρ) = −i[H, ρ] +
∑
k

γk

(
LkρL

†
k −

1

2
{L†kLk, ρ}

)

L‡(X) = i[H,X] +
∑
k

γk

(
L†kXLk −

1

2
{L†kLk, X}

)
Tr(XL‡(Y )) := Tr(L(X)Y )
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Schrödinger vs. Heisenberg

L(Xα) = `αXα

L‡(Yα) = `∗αYα

L(ρeq) = 0

L‡(1l) = 0
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L(ρ) = −i[H, ρ] +
∑
k

γk

(
LkρL

†
k −

1

2
{L†kLk, ρ}

)

ρeq > 0 , (A,B)eq := Tr(ρeqA†B) −→ ‖A‖2eq = (A,A)eq

Γα =
1

2‖Yα‖2eq

∑
k

γk‖[Lk, Yα]‖2eq



On the universal constraints for relaxation rates for quantum dynamical semigroup Part I: A physical manifestation of complete positivity
35 / 44

Unital semigroup

ρeq =
1

d
1l

L(1l) = 0

Γα =
1

2‖Yα‖2eq

∑
k

γk‖[Lk, Yα]‖2eq

Γα =
1

2‖Yα‖2
∑
k

γk‖[Lk, Yα]‖2 ; ‖A‖2 = Tr(A†A)
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Unital semigroup

Γα =
1

2‖Yα‖2
∑
k

γk‖[Lk, Yα]‖2

Bötcher & Wenzel, Lin. Alg. Appl. (2008)

‖[A,B]‖2 ≤ 2‖A‖2‖B‖2

Γα ≤
1

d
Γ
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Covariant generators

UxL(X)U †x = L(UxXU
†
x)

Ux =

d∑
k=1

e−ixk |k〉〈k| ; x = (x1, . . . , xd) ∈ Rd

Γα ≤
1

d
Γ
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Weak coupling limit � Davies generators

L(ρ) = −i[H, ρ] + LD(ρ)

H =
∑

i hi|i〉〈i|
ρeq =

∑
i pi|i〉〈i|

L‡D is Hermitian w.r.t. ( , )eq

Γα ≤
1

d
Γ
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Implications

Γα ≤
1

d
Γ

spectra of channels

is quantum channel Φ Markovian, that is, Φ = eL?
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Spectra of channels: Γα ≤ 1
dΓ

L = Φ− id

Theorem

The spectrum zα = xα + iyα of any unital quantum channel satisfy

d2−1∑
β=1

xβ ≤ d(d− 1)− 1 + dxα,

for α = 1, . . . , d2 − 1.

Theorem

The spectrum zα = xα + iyα of any qubit channel satis�es

|x1 ± x2| ≤ 1± x3.
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Pauli qubit channels: Φ(ρ) =
∑3

α=1 pασαρσα

Spectrum = {1,λ1, λ2, λ3}

Algoet− Fujiwara : |λ1±λ2| ≤ 1±λ3 ←→ |x1±x2| ≤ 1±x3

(−1,−1,−1)

(1,−1,−1)

(−1, 1,−1)

(−1,−1, 1)

(1, 1,−1)

(−1,−1, 1)

(1,−1, 1)

(−1,−1,−1)

a

b

c

1
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Markovianity Γα ≤ 1
dΓ

M. Wolf, et al PRL (2008).
Unital Φ. Is Φ = eL ?

L −→ `α = iyα − Γα

Φ −→ zα = e`α

det Φ = z1 . . . zd2−1 = e−Γ ≤ edΓα = |zα|d

d
√

det Φ ≤ |zα| ≤ 1

Frobenius-Perron ring
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Example: qubit Pauli channel

zk = e−Γk

z1z2z3 ≤ z2
k (k = 1, 2, 3)

z1z2 ≤ z3 , etc.

Davalos et al, Quantum (2019)
Puchaªa et al, Phys. Lett. A (2019)
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Conlusions

For any qubit Lindbladian Γk ≤ 1
2 Γ

For any unital Lindbladian Γk ≤ 1
d Γ

True for any `physical generator' obtained in the weak coupling
limit

The conjecture for arbitrary L is supported by numerical
analysis

New bounds for the spectra of channels

Necessary condition for Markovianity (for unital channels)
d
√

det Φ ≤ |zα| ≤ 1

D.C., G. Kimura, A. Kossakowski, and Y. Shishido, PRL 2021

D.C R. Fujii, G. Kimura, and H. Ohno, Lin. Alg. App. 2021
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Part II


