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The most general dynamical law for a quantum mechanical system with a finite number of levels is
formulated. A fundamental role is played by the so-called ‘“‘dynamical matrix”’ whose properties are stated
in a sequence of theorems. A necessary and sufficient criterion for distinguishing dynamical matrices corre-
sponding to a Hamiltonian time-dependence is formulated. The non-Hamiltonian case is discussed in detail
and the application to paramagnetic relaxation is outlined.
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Brr'.s 8= Z’ #(Q‘I’) Wﬂ’" (QQ’) (Wﬂ’ (QQ’))* (32)

The strong trace relation (17) ensures that the relation
2 1(9q" YW os(qq YW or1 (qq") = 6., (33)

will be valid. These results are stated in the following
theorem:

Theorem 4. A general dynamical matrix can be written
in the canonical form (32) in terms of #2 matrices W (qq’)
which obey the bilinear relations (31) and (33).

Note that the matrices W(gq') are not necessarily
unitary, but satisfy only the weaker condition (33). In




Dynamical semigroup
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1 semigroup of an N-level

or of a letely positive d!

We establish the general form of the

| parameters

quantum system, and we apply the result to derive explicit i
characterizing the Markovian evolution of a 2-level system.

I. INTRODUCTION

In this paper we establish the general form of the
generator of a completely positive dynamical semi-
group of an N-level quantum system (Sec. II) and we
find the conditions, in the form of explicit inequalities,
that complete positivity imposes on the physical param-

among the physi

the gme does indeed go over into an equation of the
form (1,1) with a rescaled time variable in the limit
when the coupling of the system to its surroundings is
made to tend to zero (weak-coupling limit, Tg—«), 2
It is also possible to obtain (1.1) rigorously in the lim
Tg— 0. This has been called the limit of singular

atno prvands I Qas A navt nanar far an avnlicrit madal



Markovian semigroup

dimH=d<oo; h=1

d
A =e* £At =LA,

Theorem (Gorini-Kossakowski-Sudarshan-Lindblad (1976))

A; = etf is CPTP fort > 0 if and only if

L(p) = —i[H,p]+ Lp(p)

1
£ol) = S (Luoth = H{ELLes}) 5 >0
k
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L(p) = —i[H,p]+ Lp(p)

1
Lp(p) = Z% <LkPLL - 2{L2Lk’7p}> ; >0
k

@ the representation is not unique
@ even the splitting is not unique

o the rates 7, depend upon the representation (and hence they
are not directly measured)
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L(p) = —ilH,p]+ Lp(p)

1
Lp(p) =) n <LkaL - 2{L£Lk7P}> ;>0
k

Math . >0

Complete positivity — { Phys SPECTRUM

Spectrum does not depend on the representation. J




Spectra of generators

o ( €spec(L) < (* €spec(L)

@ there is a leading eigenvalue fo = 0

@ the corresponding eigenvector defines a density operator
@ Rel, <0 fora=1,2,...,d> —1.

Iy := —Rel, (relaxation rates)

T, :=1/T, (relaxation times)



. 1
L(p) = —i[H, p] + ZW« <Lk,0LJ12 - 2{L2Lkap}> i >0
A

Positivity of ', is necessary but NOT sufficient for CP



Example: GKS 1976

w
L(p) = —Zg[o’z,ﬁ’] +v4 Ly v L_+7.L,

1
Li(p) = oppo— —glo-o4,p}

1
L(p) = opos— o400}
Lop) = owpon—p

1
I'p 1=F1=F2=§(V++77)+%; L =T3=7 +7-

11, > 27T7



Bloch equations

To stay within a Bloch ball

Iy, =217

it is sufficient to have T1,, T > 0 J




Example: GKS 1976

1
r=T1=T=50++7-)+7%; TL=Ts=7+7-

Fi=T14T24+T3=2(y+ +7-+72)

I, <=-T (k=1,23)

N —




General qubit Lindbladian

G. Kimura, PRA 2002

:=T14+T2+13

1
r
Ri= g
1
Ry < 3 (k=1,2,3)




general d

Wolf & Cirac, CMP (2008): L =Lp

2
Lloo £ =T
£l < =

2
Fk:—ReEk — Fkggl“




general d

Wolf & Cirac, CMP (2008): L =Lp

2
Lloo £ =T
£l < =

2
Fk:—ReEk — Fkggl“

Kimura et al, OSID (2017):  arbitrary L

5
rkg‘d[r J




general d

Wolf & Cirac, CMP (2008): L =Lp

2
Lloo £ =T
£l < =

2
Fk:—ReEk — Fkggl“

Kimura et al, OSID (2017):  arbitrary L

5
rkg‘d[r J




Please wait for Gen Kimura talk!
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Conjecture: ¢y=1 — Iy < 91“



Conjecture

d-level Lindbladian
F=T1+...+Tp_,

I,<=I (k=1,...,d*-1)

SHN
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Distribution of ¢, /T for random Lindbladians. Red vertical lines
denote the bound ‘—1/d’. Blue vertical lines denote the bound
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To understand the typical dynamics of an open quantum system in continuous time, we introduce an
ensemble of random Lindblad operators, which generate completely positive Markovian evolution in the
space of the density matrices. The spectral properties of these operators. including the shape of the
eigenvalue distribution in the complex plane, are evaluated by using methods of free probabilities and
explained with non-Hermitian random matrix models. We also demonstrate the universality of the spectral
features

he notion of an ensemble of random generators of Markovian quantum evolution constitutes a
step towards categorization of dissip:

ative quantum chaos.



Im(")

Lemon-like shape

N(L+1)




The boundary of the spectrum of the temon"is given by the
solution of equation for complex z

Im[z + G()] = 0, with
G(z) = 22 — ?27; {(4 +2)E <z42) +A— K (Z‘é)] ,

E(k) and K (k) are complete elliptic integrals of the first and
second kind.




Spectral density

a) sampling b) sampling c) RM-model

(without real eigenvalues)

0
Im(l’

z=x+iy; plx,y) =px)
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d

is tight

true for unital semigroups

°
°

@ true for covariant semigroups

e true for Davies generators (weak coupling limit)
°

implications
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A general property of relaxation rates in open quantum systems is discussed. We find an interesting
constraint for relaxation rates that universally holds in fairly large classes of quantum dynamics, e.g.. weak
coupling regimes, as well as for entropy nondecreasing evolutions. We conjecture that this constraint is
universal, i.e., it is valid for all quantum dynamical semigroups. The conjecture is supported by numerical
analysis. Moreover, we show that the conjectured constraint is tight by providing a concrete model that
saturates the bound. This universality marks an essential step toward the physical characterization of
complete positivity as the constraint is directly verifiable in experiments. It provides, therefore, a physical
manifestation of complete positivity. Our conjecture also has two important implications: it provides (i) a

universal constraint for the spectra of quantum channels and (ii) a necessary condition to decide whether a
given channel is consistent with Markovian evolution.
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Schrédinger vs. Heisenberg

. 1
—i[H,pl + > <LkaL - i{LlLk, p}>
k

LHX) = i[HX]+ > (LLXLk - %{LLL;C, X}>
k

Tr(XLHY)) == Tr(L(X)Y)



Schrédinger vs. Heisenberg



£) = =il + S (Luoth - 2L}
k

pP>0, (A Bleq:=Tr(pATB) — [ A|2; = (4, A)eq

eq k




Unital semigroup

Tk Lk’v
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Unital semigroup

1
To = 55 >l Lk, Yal |
TS °
Botcher & Wenzel, Lin. Alg. Appl. (2008)

1A, BIII? < 2[|A]%|1B]I*

‘ J

o <

SHN







Weak coupling limit — Davies generators

L(p) = —ilH, p| + Lp(p)

o H =) ;hili)(il
o ptt =723, pili) il
° EJ]:D is Hermitian w.r.t. (1, )eq

1
. <-r
<= J




Implications

I'n < =T

S

@ spectra of channels

@ is quantum channel ® Markovian, that is, & = eL?



Spectra of channels:

The spectrum z, = xo, + iy, of any unital quantum channel satisfy

d2-1
Z zg < d(d—1) — 1+ dzqa,
B=1

fora=1,...,d*>—1.

\

The spectrum z, = xo, + 1ya of any qubit channel satisfies

|1’1:|:."L‘2| S 1:|::1}3.




Pauli qubit channels: ®(p) = ZizlanaPUa

Spectrum = {1,A1, A2, A3} J

Algoet — Fujiwara: |A;£Xo| <1+X3 «— |r1tas| < 1tas

(—1,-1,1)

(—1,-1,~1)
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Markovianity I', <

1
d

M. Wolf, et al PRL (2008).
Unital ®. Is ® = £ ?

L — ly=1ys, — T

> — za:ee"

det® =2 ...z 1 =e b <ello=|z,/7
Vdet ® < |z] <1 J

Frobenius-Perron ring



Example: qubit Pauli channel

By = e Tk

sz < z2 (k=1,2,3)

2120 < 23, ete.

Davalos et al, Quantum (2019)
Puchata et al, Phys. Lett. A (2019)



Conlusions

For any qubit Lindbladian I'y < %F

For any unital Lindbladian I'y < %F

True for any ‘physical generator’ obtained in the weak coupling
limit

The conjecture for arbitrary L is supported by numerical
analysis

New bounds for the spectra of channels

Necessary condition for Markovianity (for unital channels)
Vdet ® < |24 <1

D.C., G. Kimura, A. Kossakowski, and Y. Shishido, PRL 2021
D.C R. Fujii, G. Kimura, and H. Ohno, Lin. Alg. App. 2021
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