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Weak-coupling limit: still a source of puzzling effects

@ Global Hamiltonian: Hy(9) = Hs(g) + Henv + A Hint
@ Weak-coupling limit: A — 0, t — oo, so that \? t = 7 fixed
@ Reduced dynamics:

ps(t) = w —limTrep, (e*””*(g) ps @ Peny eitH*(g)>

)
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)

Issue: exchangeability of limits

. . 7. )
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Open quantum spin chain

XX spin-chain with open boundary conditions ]
N N—1
H — AZo—y) +g (aff S oﬁ”aﬁ””)
£=1 £=1
N N—1
- A Zag 2g ( (0) (1) a(f)agfﬂ))
£=1 =1

@ Jordan-Wigner fermionization:

j—1
¢ = [[(-o¢") o], {Cj» C;I} = Ojk
k=1
=
o =T] (1 —ZCITCJ-) G
k=1
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Open quantum spin chain

@ Bogoljubov transformation:

N
[ 2 Lk
b/ = E U Gj |, Uk = sin ( )
p N+1 N+1

N
G =D b
=1

{b/w b}} = je

Diagonal Hamiltonian

N+ 1

N
HNZZW(bzbg s LWZ2A+4QCOS<E7T)
=1
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Open quantum spin chain

[ Eigenfrequencies ]
@ decrease with N:
wy = 2A+4gcosN7_T’_1 > wp >
> w3 > ... ZwN:2A—4gcosN11
o Al positive when 0 < £ < N1 ang

T A
w=2A—-4 > <
WN gcosN+1_O<:> g_2cosN11

1
® wp 1 >0but0>wp,>..>wywhenp> 5 and
A g A
2’cos%+_1)’ B 2‘cos,\’;—ﬁ
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Open quantum spin chain

Open quantum spin chain

T o—e_o Ty

@ Chain ends (o« = L, R) coupled to Bosonic thermal baths

Ho=2 Y (a(f)%a + o{“)%g)
a=L,R

N N
O'(_L):O'(_U:ZUUbj (T(_H):O'(_N):(—'I)Zg’:‘bf‘bkzul\/jbj
j=1 j=1
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Thermal baths

@ Bath operators

B, = /000 dv h,(v)as(v), h.(v) = h.(v)
[aa(u), az,(u’)} = 0p,0 O(v — 1)

@ Bath thermal states at inverse temperatures /5, g:

e—JSL H, —Br Hr

Penv =
Tr (e*ﬁt HL)

(S

&
Tr (e*ﬁﬂ Hﬁ)

+oo
H, = / dvval (v) a(v)
J0
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Open quantum spin chain

@ Thermal expectations:
Trg (penv aL(u)aa/(u’)) = oo 0(v — V) No(v)
Trs (Penv aa(v) aiﬂ(’//)> = baad(v = V) (1 + na(v))

1 v>0].

M) = g7 =
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Open quantum spin chain

@ Thermal expectations:

Trg (penv aL(u)aa/(u’)) = oo 0(v — V) No(v)

Trg (pem, (V) aj;,(y’)) = Saad(v — ') (1 + N (1))

1
na(l/):m, VZO

Counter-rotating spin-bath couplings:

Hint = )\QZLR( % +U( )%T)

a(f) a.(v), o al()
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Open quantum spin chain

Setting ]

H= HN(g) + Z Ha + H/’nt

+oo
H, = / dvval (v)an(v)
a=R,L 0

N
O
_ T _ ke
HN(Q)—;:1W£bgbe ; wz—2A+4gcos(N+1>

N
Hii =2 30 3 tar (bl B + b8

a=L,R £=1

b — b, ... a=L
CT)EE b, . a=R
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Master equation

Weak-Coupling Limit: A — 0, N2t =7 ]

@ Initial state: pi(0) = p @ penv

Master equation: | 0;p; = —i[HN(g), pt} + ML
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Master equation

Weak-Coupling Limit: A — 0, N2t =7 ]

@ Initial state: pi(0) = p @ penv

Master equation: | 0;p; = —i[HN(g), pt} + ML

T

Lip] = —| _lim ds

T—+o0 T 0
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Master equation

Weak-Coupling Limit: A — 0, N2t =7

@ Initial state: pi(0) = p @ penv

Master equation: | 0;p; = —i[HN(g), pt} + ML

Lip] = -

lim —
T—+o0 T 0

T

ds

+o00
Ja
0

X

xTrpg ({Him(t, s), [Hint(o, 8), p® Penv”)
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Master equation

Hine(t, 8) = e/(t+9)Hn(9) git(HutHR) by, o —it(HitHr) o —i(t+s)Hn(9)

Z Zuag/dl/h (Z/) ( it(we—v) giswe b(w aa(l/) + h.C.)

a=L,R (=1
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Master equation

Hin(t, 8) = el(t+S)Hn(@) oitHLtHe) by, - o—it(HL+Hr) o —i(t+9)Hn(9)

Z Zuag/dl/h Z/) ( it(we—v) giswe b(waa(l/) + h.C.)

a=L,R (=1

Hint(0, 8) = e/ SHN(Q) H, e ~/sHN(9)

Z Zuag/odl/h v) (e"Sw b(':g ao(v) + h.C.)

a=L,R (=1

)
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Master equation

Contributions from Trg ([Him(t, s), [Him(o, S), p® pean>

+oo
° / dte@e=) I 7 5w,
0

—v)+iP.V.
Wy —V

@ Ergodic average| lim
T—+o0

1 7
e / dse S(wyg—wyr)
T Jo

@ Thermal expectations: o = o/, v =/,

Z(,Ug:wg/@£:€/

Trg (Penv aa(v) a:&(”)) , Trg (Penv aL(V) aa(”))
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Master equation

Global vs Local approach ]

@ Global approach: Hy(g) with g # 0

@ Local approach: set g = 0 and change Hy(0) to Hy(9g) after the
weak-coupling limit
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Master equation

Global vs Local approach ]

@ Global approach: Hy(g) with g # 0

@ Local approach: set g = 0 and change Hy(0) to Hy(9g) after the
weak-coupling limit

In the following:

F.B., R. Floreanini, L. Memarzadeh, PRX Quantum 2, 030344 (2021)
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Master equation

GKSL master equation: L[p] = —i[H.s, p] + D[p] ]

% = —i[Hn(9) + A His, pi] + AD[p(t)] = Llpi]

@ Lamb-shift correction: all frequencies contribute

N +oo p2(,, »
Hs = Z Z U2, <P.V./0 P (v)(1 +2na( ))) blebaf

Wy — UV

bl by

he
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Master equation

@ Dissipative correction: only positive frequencies contribute:
Dlp] = ZDe[p]
Dylp] = Z 21 h2 (wy) azm X

o-LR
{ + N we) <“£pblé_;{blébaz’p})}
{na (aepbgé{bafbl((’p})}

X
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Master equation

Generator

N
Lipl = ) Leo]
=1

Lelpl = —i[(we+X2he) bl br, p] + XDyl
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Master equation

Generator

N
Lipl = ) Leo]
=1

Lelpl = —i[(we+X2he) bl br, p] + XDyl

Open chain dynamics:

N
LeLg = LgLy => yr = 't = H el
=1
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Asymptotic States

Stationary states of quantum dynamical semigroups

A. Frigerio, Commun. Math. Phys. 63 (1978)

Given a generator
- LAY,
Liol = —ilH, o+ (Vio Vi = 5 {Vi k. o}
k

seek the commutant C of the set {H, Vi, V,j}
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Asymptotic States

Stationary states of quantum dynamical semigroups

A. Frigerio, Commun. Math. Phys. 63 (1978)

Given a generator
- LAY,
Liol = —ilH, o+ (Vio Vi = 5 {Vi k. o}
k

seek the commutant C of the set {H, Vi, V,j}

if C = {1} then there is only one stationary state such that

Llpsc] =0
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Asymptotic States

=

7~

if C is commutative, generated by orthogonal projections

Pan:(;nmPna ZPn:1a
n

given a faithful stationary state p.., then the stationary states
form a convex set:

Prpec P,
Rt =3 a2l n N =Te(pP
Po - >\n Tr(px Pn) ) n r(p n) )

where p is any initial state.
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Asymptotic States

=

7~

if C is commutative, generated by orthogonal projections

Pan:(;nmPna ZPn:1a
n

given a faithful stationary state p.., then the stationary states
form a convex set:

Prpec P,
Rt =3 a2l n N =Te(pP
Po - >\n Tr(px Pn) ) n r(p n) )

where p is any initial state.

Proof:
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[ Result 1 ]

All frequencies wy >0 = all bjby, b, b, contribute
= commutantC = {1} = unique stationary state p..:

N
pro = I (e + vibfbr) = Lilpwc] =0
=1
C C.—C,
Ly = = vy = =
Ci+ Cy C+C
Co = 21 Y B ha(w) (1 + na(wr))
a=L,R

Cg = 27 Z Uiehi(wﬁna(uw)

a=L,R

F. Benatti Open spin chain asymptotic states



[ Result 2 ]

Coupling g such that only frequencies wy > ws > .. .wp—1 >0
—  blby, b}, bas, £ =p,...,N do not appear in L
= commutant C generated by orthogonal projections

N

bibe -+ nm=0
P, = T P™ P(”k):{ k b k
" kll k k bcbl - nk=1
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[ Result 2 ]

Coupling g such that only frequencies wy > ws > .. .wp—1 >0
—  blby, b}, bas, £ =p,...,N do not appear in L
= commutant C generated by orthogonal projections

N

bibe -~ n=0
P, = P(nk) , P(”k) — { k Pk k
kI:[p g g bibf - =1
Invariant states
Popo Pn 5 N
pn = np n (MZ +uv P ) H (Mk + vk nk> Pl((nk)
Tr(ps Pa) Pn) P P
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Asymptotic States

Conclusions and outlook
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Asymptotic States

Conclusions and outlook

@ Quantum XX chain of length N with open boundary conditions:
@ transitions from positive to negative frequencies by varying g
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Asymptotic States

Conclusions and outlook

@ Quantum XX chain of length N with open boundary conditions:
@ transitions from positive to negative frequencies by varying g

@ End spins coupled to Bosonic thermal baths at different
temperatures without co-rotating terms:
@ Global approach: master equation quadratic in fermionic operators
@ Independent dynamics of each Fermionic degree of freedom
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Asymptotic States

Conclusions and outlook

@ Quantum XX chain of length N with open boundary conditions:
@ transitions from positive to negative frequencies by varying g

@ End spins coupled to Bosonic thermal baths at different

temperatures without co-rotating terms:

@ Global approach: master equation quadratic in fermionic operators
@ Independent dynamics of each Fermionic degree of freedom

@ Asymptotic states:
@ Discontinuity in stationary states with respect to g
@ Expected discontinuities in transport properties
@ discrimination of global vs local approach
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Asymptotic States

Conclusions and outlook

@ Quantum XX chain of length N with open boundary conditions:
@ transitions from positive to negative frequencies by varying g

@ End spins coupled to Bosonic thermal baths at different
temperatures without co-rotating terms:

@ Global approach: master equation quadratic in fermionic operators
@ Independent dynamics of each Fermionic degree of freedom

@ Asymptotic states:

@ Discontinuity in stationary states with respect to g
@ Expected discontinuities in transport properties
@ discrimination of global vs local approach

@ Which consequences of phase transitions on the generator 1.?

atg = % the gap of Hy(g) closes
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