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Weak-coupling limit: still a source of puzzling effects

Global Hamiltonian: Hλ(g) = HS(g) + Henv + λHint

Weak-coupling limit: λ→ 0, t →∞, so that λ2 t = τ fixed
Reduced dynamics:

ρS(t) = w − lim
λ,t

Trenv

(
e−i t Hλ(g) ρS ⊗ ρenv ei t Hλ(g)

)

Issue: exchangeability of limits

w − lim
λ,t

lim
g→g∗

?
= lim

g→g∗
w − lim

λ,t
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XX spin-chain with open boundary conditions

H = ∆
N∑

`=1

σ
(`)
z + g

N−1∑

`=1

(
σ
(`)
x σ

(`+1)
x + σ

(`)
y σ

(`+1)
y

)

= ∆
N∑

`=1

σ
(`)
z + 2g

N−1∑

`=1

(
σ
(`)
+ σ

(`+1)
− + σ

(`)
− σ

(`+1)
+

)

Jordan-Wigner fermionization:

cj =

j−1∏

k=1

(−σ(k)
z )σ

(j)
− ,

{
cj , c†k

}
= δjk

σ
(j)
− =

j−1∏

k=1

(
1− 2 c†j cj

)
cj
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Bogoljubov transformation:

b` =
N∑

j=1

u`j cj , u`k =

√
2

N + 1
sin

(
`kπ

N + 1

)

{
bj , b†`

}
= δj` , cj =

N∑

`=1

uj` b`

Diagonal Hamiltonian

HN =
N∑

`=1

ω` b†` b` , ω` = 2 ∆ + 4 g cos

(
`π

N + 1

)
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Eigenfrequencies

decrease with N:

ω1 = 2 ∆ + 4 g cos
π

N + 1
≥ ω2 ≥

≥ ω3 ≥ . . . ≥ ωN = 2 ∆−4 g cos
π

N + 1

All positive when 0 ≤ ` ≤ N + 1
2

and

ωN = 2 ∆−4 g cos
π

N + 1
≥ 0⇐⇒ g≤ ∆

2 cos π
N+1

ωp−1 ≥ 0 but 0 ≥ ωp ≥ ... ≥ ωN when p >
N + 1

2
and

∆

2
∣∣∣cos π (p−1)

N+1

∣∣∣
≥g>

∆

2
∣∣∣cos π p

N+1

∣∣∣
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FIG. 1. Spin chain coupled to two di↵erent environments.
First spin is coupled to the left environment at temperature
TL and third spin is coupled to the right environment at tem-
pretaure TR.

As we want to see how taking two di↵erent approaches
for deriving master equation, a↵ects transport proper-
ties of spin chain, it is worth mentioning how an observ-
able evolves in such settings. We recall that for any lin-
ear operators X and Y in B(HS) we have Tr(XL[Y]) =
Tr(L†[X]Y) where adjoint of L in equation (7), is denoted
by L† and is given by

L†[•] = i
⇥
HS + HLS , •

⇤
+ D†[•] (15)

with

D†[•] =

�2
X

!

X

i,j

�i,j(!)

✓
A†

j(!) • A†
i (!) � 1

2
{A†

i (!)Aj(!), •}
◆

(16)

Hence for any observable O 2 B(H )S we have

hO(t)i = Tr(O⇢(t)) = Tr(O etL[⇢(0)]) = Tr(etL†
[O]⇢(0))

(17)
As this holds for any initial state ⇢(0), it is concluded
that the dynamics of observable O is governed by L†,
that is

@

@t
O(t) = L†[O(t)]. (18)

In general solving master equation (7) might be com-
plicated but asymptotic behavior of observables can be
computed having the steady state of dynamics. Con-
ditions for the dynamics to have a unique steady state
and its properties have been discussed in [53–59] and it
has been shown that master equation in equation (7) has
unique steady state if the only operator commuting with
the set of Lindblad operators Ai(!) is identity. We refer
to this theorem later to discuss the uniqueness of steady
states [54].

Based on this background in what follows we discuss
how master equation or Linblad operators are derived
in global and local approach and show that these two
approaches lead to di↵erent e↵ects on dynamics of ob-
servable such as rate of spin change and spin flux.

III. MODEL

In this section, to see how di↵erent approaches a↵ect
transport properties of system, we consider a spin chain

coupled to two separable thermal bath at two ends. So
the total Hamiltonian of system and two environments is
of the form in equation (1). We take XY model in lon-
gitudinal magnetic field for system Hamiltonian, which
is an integrable model for a spin chain of arbitrary size.
However, to highlight the di↵erent consequences of local
and global approaches and represent Lindblad operators
in explicit compact form, we restrict our attention to a
spin chain of size three as depicted in figure (1). Hence
system Hamiltonian is given by

HS = g

2X

i=1

⇣
�(i)

x �(i+1)
x + �(i)

y �(i+1)
y

⌘
+ �

3X

i=1

�(i)
z (19)

Where �
(i)
x , �

(i)
y , �

(i)
z are Pauli matrices at site i. Two

separate baths at two ends are described by following
Hamiltonian

HB = HL + HR

=
X

⇠

Z
d!b̂⇠(!)†b̂⇠(!), (20)

where ⇠ is either L or R labeling the left and right

bath Hamiltonian respectively and b̂†
⇠(!) and b̂⇠(!) are

Bosonic operators of baths obeying standard commuta-
tion relations

⇥
b̂⇠(!), b̂⇠0(!

0)†⇤ = �⇠,⇠0�(! � !0) (21)

Interaction of the system with these two baths are de-
scribed by

Hint =

Z !max

0

d!hL(!)(�
(1)
+ b̂L(!) + �

(1)
� b̂†

L(!)) (22)

+

Z !max

0

d!hR(!)(�
(3)
+ b̂R(!) + �

(3)
� b̂R(!)†) (23)

where we have absorbed � in equation (1) in h⇠(!) which
is the coupling function, !max is the maximum frequency
present in the Bosonic baths and

�
(i)
± =

1

2
(�(i)

x ± �(i)
y ), i = 1, 2 (24)

are spin operators. In a system described by total Hamil-
tonian HS + HB + Hint, in the following we derive the
Lindblad operators and consequently master equation in
two di↵erent approaches, global and local.

IV. GLOBAL APPROACH

In this section we follow the general formalism ex-
plained in section II to derive the master equation in
weak coupling limit without considering any further ap-
proximation or assumption. That is to derive the Lind-
blad operators of master equation as in (9), where the
spectrum of whole HS is required. The explicit form of

Chain ends (α = L,R) coupled to Bosonic thermal baths

Hint = λ
∑

α=L,R

(
σ
(α)
+ Bα + σ

(α)
− B†α

)

σ
(L)
− = σ

(1)
− =

N∑

j=1

u1j bj , σ
(R)
− = σ

(N)
− = (−1)

∑N
`=1 b†`b`

N∑

j=1

uNjbj
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Thermal baths

Bath operators

Bα =

∫ ∞

0
dν hα(ν) aα(ν) , h∗α(ν) = hα(ν)

[
aα(ν), a†α′(ν

′)
]

= δα,α′ δ(ν − ν′)

Bath thermal states at inverse temperatures βL,R :

ρenv =
e−βL HL

Tr
(

e−βL HL

) ⊗ e−βR HR

Tr
(

e−βR HR

)

Hα =

∫ +∞

0
dν ν a†α(ν) aα(ν)
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Thermal expectations:

TrB

(
ρenv a

†
α(ν)aα′(ν

′)
)

= δαα′δ(ν − ν′) nα(ν)

TrB

(
ρenv aα(ν) a†α′(ν

′)
)

= δαα′δ(ν − ν′) (1 + nα(ν))

nα(ν) =
1

eβαν − 1
, ν ≥ 0 .

Counter-rotating spin-bath couplings:

Hint = λ
∑

α=L,R

(
σ
(α)
+ Bα + σ

(α)
− B†α

)

σ
(α)
+ aα(ν) , σ

(α)
− a†α(ν)
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Setting

H = HN(g) +
∑

α=R,L

Hα + Hint , Hα =

∫ +∞

0
dν ν a†α(ν) aα(ν)

HN(g) =
N∑

`=1

ω` b†` b` , ω` = 2 ∆ + 4 g cos

(
`π

N + 1

)

Hint = λ
∑

α=L,R

N∑

`=1

uα`
(

b†α`Bα + bα`B†α
)

bα` =

{
b` . . . α = L

(−)
∑N

k=1 b†k bk b` . . . α = R
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Weak-Coupling Limit: λ→ 0, λ2 t = τ

Initial state: ρtot(0) = ρ⊗ ρenv

Master equation: ∂tρt = −i
[
HN(g) , ρt

]
+ λ2 L̃[ρt ]

L̃[ρ] = − lim
T→+∞

1
T

∫ T

0
ds

∫ +∞

0
dt ×

×TrB

([
Hint(t , s) ,

[
Hint(0, s) , ρ⊗ ρenv

]])
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Hint(t , s) = ei(t+s)HN(g) eit(HL+HR) Hint e−it(HL+HR) e−i(t+s)HN(g)

=
∑

α=L,R

N∑

`=1

uα`
∫ +∞

0
dν hα(ν)

(
eit(ω`−ν) ei s ω` b†α` aα(ν) + h.c.

)

Hint(0, s) = ei s HN(g) Hint e−i s HN(g)

=
∑

α=L,R

N∑

`=1

uα`
∫ +∞

0
dν hα(ν)

(
ei s ω` b†α` aα(ν) + h.c.

)
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Hint(t , s) = ei(t+s)HN(g) eit(HL+HR) Hint e−it(HL+HR) e−i(t+s)HN(g)

=
∑

α=L,R

N∑

`=1

uα`
∫ +∞

0
dν hα(ν)

(
eit(ω`−ν) ei s ω` b†α` aα(ν) + h.c.

)

Hint(0, s) = ei s HN(g) Hint e−i s HN(g)

=
∑

α=L,R

N∑

`=1

uα`
∫ +∞

0
dν hα(ν)

(
ei s ω` b†α` aα(ν) + h.c.

)
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Contributions from TrB

([
Hint(t , s) ,

[
Hint(0, s) , ρ⊗ ρenv

]])

∫ +∞

0
dt eit(ω`−ν) : π δ(ω` − ν) + i P.V .

1
ω` − ν

Ergodic average lim
T→+∞

1
T

∫ T

0
ds ei s(ω`−ω`′ ) : ω` = ω`′ ⇔ ` = `′

Thermal expectations: α = α′, ν = ν′,

TrB

(
ρenv aα(ν) a†α(ν)

)
, TrB

(
ρenv a

†
α(ν) aα(ν)

)
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Global vs Local approach

Global approach: HN(g) with g 6= 0
Local approach: set g = 0 and change HN(0) to HN(g) after the
weak-coupling limit

In the following: global approach
F.B., R. Floreanini, L. Memarzadeh, PRX Quantum 2, 030344 (2021)
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GKSL master equation: L̃[ρ] = −i [HLS , ρ ] + D[ρ]

∂ρt

∂t
= −i

[
HN(g) + λ2 HLS , ρt ] + λ2D[ρ(t)] = L[ρt ]

Lamb-shift correction: all frequencies contribute

HLS =
N∑

`=1

∑

α=L,R

u2
α`

(
P.V .

∫ +∞

0

h2
α(ν)(1 + 2nα(ν))

ω` − ν

)

︸ ︷︷ ︸
h`

b†α` bα`︸ ︷︷ ︸
b†` b`

= λ2
N∑

`=1

h` b†` b`
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Dissipative correction: only positive frequencies contribute:

D[ρ] =
N∑

`=1

D`[ρ]

D`[ρ] =
∑

α=L,R

2π h2
α(ω`) u2

α` Θ(ω`) ×

×
{(

1 + nα(ω`)
)(

bα` ρb†α` −
1
2

{
b†α` bα` , ρ

})}

×
{

nα(ω`)

(
b†α` ρbα` −

1
2

{
bα` b†α` , ρ

})}
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Generator

L[ρ] =
N∑

`=1

L`[ρ]

L`[ρ] = −i
[
(ω` + λ2h`) b†` b` , ρ

]
+ λ2 D`[ρ]

Open chain dynamics:

L`Lk = LkL` =⇒ γt = et L =
N∏

`=1

et L`
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Stationary states of quantum dynamical semigroups
A. Frigerio, Commun. Math. Phys. 63 (1978)

Given a generator

L[ρ] = −i[H , ρ] +
∑

k

(
Vk ρV †k −

1
2

{
V †k Vk , ρ

})

seek the commutant C of the set
{

H,Vk ,V
†
k

}
.

if C = {1} then there is only one stationary state such that

L[ρ∞] = 0

F. Benatti Open spin chain asymptotic states
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if C is commutative, generated by orthogonal projections

Pn Pm = δnm Pn ,
∑

n

Pn = 1 ,

given a faithful stationary state ρ∞, then the stationary states
form a convex set:

ρ{λn}
∞ =

∑

n

λn
Pnρ∞ Pn

Tr(ρ∞ Pn)
, λn = Tr(ρPn) ,

where ρ is any initial state.

Proof:

C = {Pn}n &L[ρ∞] = 0 =⇒ L[Pn ρ∞ Pn] = Pn L[ρ∞] Pn = 0

F. Benatti Open spin chain asymptotic states
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Result 1

All frequencies ω` ≥ 0 =⇒ all b†`b`,bα`,b
†
α` contribute

=⇒ commutant C = {1} =⇒ unique stationary state ρ∞:

ρ∞ =
N∏

`=1

(
µ` + ν` b†` b`

)
=⇒ Lk [ρ∞] = 0

µ` =
C`

C` + C̃`
ν` =

C̃` − C`
C` + C̃`

C` = 2π
∑

α=L,R

u2
α` h2

α(ω`) (1 + nα(ω`))

C̃` = 2π
∑

α=L,R

u2
α` h2

α(ω`) nα(ω`)
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Result 2

Coupling g such that only frequencies ω1 ≥ ω2 ≥ . . . ωp−1 ≥ 0
=⇒ b†`b`,b

†
α`,bα`, ` = p, . . . ,N do not appear in L

=⇒ commutant C generated by orthogonal projections

Pn =
N∏

k=p

P(nk )
k , P(nk )

k =

{
b†k bk · · · nk = 0
bk b†k · · · nk = 1

Invariant states

ρn =
Pn ρ∞ Pn

Tr
(
ρ∞ Pn

) =

p−1∏

`=1

(
µ` + ν` P(0)

`

) N∏

k=p

(
µk + νk nk

)
P(nk )

k
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Conclusions and outlook

Quantum XX chain of length N with open boundary conditions:
1 transitions from positive to negative frequencies by varying g

End spins coupled to Bosonic thermal baths at different
temperatures without co-rotating terms:

1 Global approach: master equation quadratic in fermionic operators
2 Independent dynamics of each Fermionic degree of freedom

Asymptotic states:
1 Discontinuity in stationary states with respect to g
2 Expected discontinuities in transport properties
3 discrimination of global vs local approach

Which consequences of phase transitions on the generator L?

at g =
∆

2
the gap of HN(g) closes
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